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PexomMeHoBaHbI OnoOpeHo

Ha 3aceaHuM Kadeapsl METOJAMYECKUM COBETOM
«BpIcmias MmaremaTHKa» DHEepreTUYecKoro Gaxkynbprera
umM. P. YcybakyHoBa poToKOJ Ne

potokoJ1 Ne 8 OT

oT

VIIK: 517.521.1(042.4)
Cocrasuremn: TOJIOBUHA B.T., [TAXBIPOB 3.1, TATAEBA C.B.

Maremaruka. Jlekuun u TUNOBBIE 3afaHus 1O pasneny «Psaap» nns crygeHroB D@ kpeauTHoOU
cucrembl 00yuenus. Cocrt.: ['onosuna B.I"., [TaxeipoB 3.I1., Taraesa C.b. -b.: U1 «Texnuk»; 2011,
c.42

Jlexuuy HamucaHbel B COOTBETCTBUHU C Iporpammoil. Mmerorcs tunossle 3amanud. Kaxnoe
3aganue conepxkut S5 3amad. CocraBineno 30 BapmantoB (Bcerol50 3amau). 3amaum cHaOKEHBI
orBetamu. JlanHas paGora MoOkeT OBITH IOJE3Ha HE TOJIBKO CTYAEHTaM, HO W HAYMHAIOIIUM
IIPETIOJaBaTEIISIM.

Wnn.: 4 .bubauorp.: 4 HauMEHOB.

Penensent: k.¢.-M.H., jonieHT YMmertanueB M.Y.
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BBenenue

I e 1 » paboTBI- TPHOOPETCHHE COOTBETCTBYIONIUX 3HAHWUU MO paszaeny
«Psaap». OcBOCHHE 3TOTO pasnena TpeOyeT He TOIBKO OCHOBATEIIBHOTO H3yUYCHHUS, HO
¥ 3allOMUHAHUS OOJIBIIOTO YHUCHIA YTBEPXKIACHUU W Gopmyn. Psael mocTaBisioT
TPYAHOCTH OCOOOT0 XapakTepa, CBS3aHHbIE C HEOOBIYHOCTHIO CaMOro OOBEKTa
W3YYCHUS, KAKOBBIM SIBJIIETCS Psii. Ps 1O BHENMIHEMY BHUAY MPEACTABISET «CyMMY
OCCKOHEUHOI'0 YHucia cllaraeMbix». Ha camMoM ke jerre pedb HaeT He 00 OOBIYHOM

CyMMe.
PaccmoTtpum otpe3ok mnmHbI 2.(puc. 1)

Puc. 1

Pazgenum ero Ha JBa paBHBIX OTpe3ka (Kaxabid anunbl 1). He Tporas meBoro
OTpe3Ka, pa3/iesiuM MpaBbIil HA JIBa PaBHBIX OTpe3ka (Kaxawlid niauHbl 1/2). IlpaBsiit
U3 HUX pa3[ieluM Ha JBa PaBHBIX OTpe3Ka (Kax el juinHbl 1/4). IIpogomkum 3TOT
npoiiecc A0 0ecKkoHEeYHOCTH. Toraa Mbl IPUXOAUM K pa30MEHUIO OTpe3Ka JJIUHBI 2 Ha
oTpe3ku JuHbl 1, 1/2, 1/4, 1/8, 1/16 u T.1. Umeem

1+—+—+l+—+:..:2 0)

DTO paccyxkJeHue ObLIO U3BECTHO elle rpekam, u ¢usnocod 3eHOH OcClapuBall €ro
3aKOHHOCTb. 3€HOH U3BECTEH HAM CBOMMU «IapaioKCaMu.

OnuH U3 mapaoKCOB YTBEPKIAET, UTO OETYIINI YEeTOBEK HUKOTIa HE CMOXKET
JOCTUYbh CBOEW II€7M, TMOCKOJIbKY OH JOJKEH cHadaia MpoOekarh IOJOBUHY
TpeOyeMoil AUCTaHIMU, 3aTE€M IOJOBUHY OCTaBIIEHCS IUCTAHIMM, 3aT€M CHOBA
MOJIOBUHY OCTaBIIEWCS YacTW M T.J.; TaKUM 0Opa3oM, OH JOJDKEH MpoOekaTh
0ECKOHEYHOE MHOKECTBO PACCTOSIHUIM, a 3TO OyAET MPOJI0JKATHCS BEUHO.

Koneuno, 3eHOH Bujen OEryHOB, JOCTUraBIIMX IeaHU. YTO K€ XOTEN CKazaTh
ATUM mapanokcoMm 3eHoH? Eciu OH XOTen cKa3aTb, YTO CJIOXKEHHE OECKOHEUHOIO
MHOXECTBA 4YHCENl HENb3sl TOJKOBaTh KaK MPOLECC, AHAJOTMYHBIA CI0XKEHUIO
KOHEUYHOI'0 UX YUCJa, TO OH ObLI MpaB.

JleBas yacth (0) ecth uncinoBoM psiA. Ecaym Obl MBI MOMBITAIMCH BBIYUCIUTH
CyMMY 3TOr0 YHCIOBOTO PsiJa, MOCJIEI0BATEIbHO BBIMOJHAS BCE YKa3aHHbIC B HEH
CJIOKEHHUSI, TO 3TO, KOHEUHO, HUKOT/Aa Obl HE OKOHUYMJIOCH. U BCe e Mbl UyBCTBYEM,
4710 paBeHCTBO (0) B HEKOTOPOM cMbIciie BepHO. CMbICH J1eBOM yacTu Beipaxkenus (0)
HaM TIPEJCTOUT BBECTH CAMHM, OMPEICIUTh KaKUM- TO 00pa3oM MOHATHE CYMMBI
psaaa. DTUMU U IPYTUMH BOIIPOCAMH 3aHUMAETCS TEOPHUS PSIOB.
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§1. Hucaossle psiabl. OCHOBHBbIE IOHATHS.
Onpenenenne. Yn c10BBIM P s A0 M Ha3bIBAETCA CUMBOJI BUJIA

Uy +u, +uy, totu, .= Zun , Toe U,U,,Usy,...,U,,..- OCCKOHCUHAS YHCIOBAS
n=1

MOCIeI0BaTEIbHOCTD. Uncna U, Uy, U,y ,...- AT € HBI P S 1 a, U, - OOITUIN YJICH

psna.
BaxHbIM TOHATHEM TEOPUU PSIAOB SIBIISIETCS MMOHATHE CXOAUMOCTH PsIa.
Onpenenenne. KoHeunas cymMa  NEpBbIX  n4JIE€HOB  psaa,  T.€.

S =u,+u, +u;+...+u,Ha3pIBACTCSI n-0M YACTUUYHOMU CyMM O U 3TOro psja.

Ecnu cymectByeT KOHEUHBIN Npees limS, , TO P HA3bIBAETCA C X O A A LI U M C 4, B
n—x0

IPOTUBHOM ClIy4Yae-pacX O I UM C i.
Ecnu psan cxogurest, TO 4UCO S = lim S, HA3BIBAETCACYM MO U p s 1 a.

n—0

Pasnocts r,=S-S, =u,,, +u,,,+..Ha3pIBa€TCA 0 CTAaTK O M psaa (mocie »n-

ro 4JieHa).
1 .
ITp u M e p. Ilo 3ananHOMy 001IEMY UJIEHY u, = ﬁ 3aIUCcaTh P U HAUTH
nn+

€ro CyMmy.

[IpupaBas nnocnenoBaTelbHbIe 3HAYEHUS 1,2,3,..., IOJIy4YaeM

1 1 1
n=1, uy=—; n=2, uy=——; n=3, u;= ,
1-3 2-4

1 S 1

—+ + +..+ +... .
1.3 2.4 3.5 n(n+2) “ n(n+2)
Jlnst onpeneneHus n-OM YAaCTUYHOW CYMMBI 3TOTO psifia YIOOHO Pa3I0XKHUTh

N o N 1 A B
oOluii 4jieH psga Ha cyMmMMmy mpocredmux napooeit. Umeem ——=—+ ,
nn+2) n n+2

n=0:1=24 1 1
= A=—,B=——. Takum
n=-2:1=-2B 2 2

Takum oO6pazom, UMeeM Psifl

1= A(n+2)+ Bn. IlocienoBaTenpHO MOJAracm

1(1 1
obpazoM, ———=—| —— . [lonaras B 3TOM paBeHCTBE 7 =1,2,3,..., IOJIy4aeM
nn+2) 2\n n+2

1 1[1 1 j
n=n, U, =———=—|—-—
n-(n+2) 2\n n+2

C110XUB MMOYIEHHO, MOJYYUM BBIPAKEHUE 72-OM YaCTUYHOM CYMMBI
1 1 1 1 (3 2n+3
S =—|1+=————-— S -
20 2 n+l n+2) 22 (n+1)n+2)
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1(3 2n+3 3
— 1 =lm—|——F————=|=—.
OTtkyna S ll_{rolo S, Hm B (2 (n +1)(n +2)j 4

Takum oOpaszom, psii CXOAUTCS U €ro cyMMa S = %

ITp u M e p. Peruts BOpoc 0 CXOAUMOCTH psAa

I=1+1=T+. (D" +.. =) (D"
n=l1

Nwmeewm, S =L §,=0 S8,=1 §,=0,.,limS, - HE CYLLIECTBYET.

n—>0

CrienoBaTenbHO, TAHHBIN P PACXOIUTCA.
ITp u M e p. Peruts BOpoc 0 CXOAUMOCTH psAa

a+aq+aq’+..+aq"" +..=) ag"", KOTOPHIl HA3BIBACTCAT €OM E TPHU Y€ CK O i
n=l1

NPOTPeECCHEeH, a- MEPBBIA WICH IPOTPECCUH, ¢ - 3HAMEHATEIb MPOTPECCHH.
_a-aq"

N3BecTHO (M3 MIKOJIBHOTO Kypca), 4To S, "
-9

, q#l.

a)npu |g| <1 lmS, = lim 4 -2
n—>0 n—w l_q l_q

6) mpu |g|>1 1im S, _im 4=,

n—>o I q

B)IpU g =1 S, =na,limS, =limna = o,

n—x0 n—0

r)opu g=-1 S, =0MpHU n- YETHOM, S, = aTIpu n- HeueTHOM. Clie10BaTENbHO,
npu a # 0 lim S, He cymecTByeT. MTak,

n—o0

= cxooumcest npu |q| <LS = IL’

pacxooumcs npu |q| >1.

Il p mw M e€ 9 a H U e ApupMerudeckas IPOrpeccus
a+(a+d)+..+[a+(n—1)d]+..aBasgeTcs pacXomAmMMCs PSIOM IIPU JHO00H pa3sHOCTH
d.

_utu, a+[a+(n—1)d]

n= -n:an+£n(n—1)—)oo, npu
! 2 2 2

[eiictBUuTebHO, S

n—aoo.

§ 2. CBoiicTBa cXoASILIIUXCH PAAOB.

1. Ecnu pstg D u, CXOOUTCS M €ro CyMMa paBHa S, TO W pam » cu,, TJe

n=1 n=1

¢ = const, TAKKE CXOMUTCS U €ro CyMMa paBHa cS, T.e. . u, =S = Y cu,=cS, Tae

n=1 n=1

C = const .

IIycTs S, - 4acTU4HAs CymMMa psija » u,; o,- YaCTUYHAS CyMMa psia » cu, .

n=1 n=1

Torna o, =cu, +cu, +cu; +...+cu, =c(u, +u, +u; +...+u,)=cS, .

Orcrona, limo, =limceS, =climS, =cS .

n—>0 n—>0 n—>0
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CnenoBaTenbHO, psij ZCun CXOOUTCA M €ro cymMma paBHa cS. YUTOY

n=l1
TpeOOBaAIOCH TOKA3aTh.
2. Ecnu psiast ) u,, Y v, CXOMSTCS U HMEIOT COOTBETCTBEHHO CyMMBI UH V/,

TO PSABI Z(”n +v,) TAKXKE CXOAATCS U UMEIOT COOTBETCTBEHHO CYMMBI U £ V.

I[OKaBaTCJ]BCTBO JICTKO IPOBOJUTCA IIPpHU IIOMOIIK IPCACIBHOIo mnepexoaa OT
COOTBCTCTBYIOIIUX 7 - HBIX YaCTUYHBIX CYMM.

3. Eciu cxomutes pag u, +u, +uy +. 4w, tu, fug, Fotu, o, (D)
TO CXOJUTCS M PSIT Uy, +Uy, +...+u, +.. (2)

u o0paTHO, ecnu cxoauTcs psan (2), To cxonutes U pan (1). Apyrumu cioBamu: Ha
CXOJIMMOCThH psiia HE BJIMSET OTOpachIBaHUE JIFOOOTO KOHEUHOI'O YHCJAa €ro MEePBBIX
YJICHOB.

Ilycte S, - cymma otOpolieHHbIX ulieHoB psna (1), S, - yacTuuHas cymma psijaa

(1), o, ,- cymma (n—k)nepBbix wieHoB psiaa (2). Torna, S, =S, +o, .. 3)
[lycte pan (1) cxogutcs u umeer cymMmy S, T.e. limS, =S. Torma u3 (3)

n—»0

limo, , =lim(S, -S,)=S-5,, T.e. pag (2) cxogurcs.

n—»0

[lycte psig (2) cxoguTcs W UMEET CyMMYy o, T.€. limo, , =o. Toraa u3 (3)

n—0

limS, =lim(S, +o, ,)=S, +o, T.. paa (1) cxonures.

n—>0 n

4. Ecnu B cxomdmeMcs psfie MPOU3BOIBHO OOBEIUHUTH COCEIHHE WICHBI B
TPYIIbI, HE HApYIIas MOPSIKA YWICHOB, TO COCTABICHHBIN TaKUM o0pa3oM psij OyaeT
CXOJUTHCSI U UMEET TY K€ CYMMY, UTO U NI€PBOHAYATIbHBIN.

IT p u M e p (mapamgokc). Kaxxnoe uncino apasuo 0. C ogHON CTOPOHBI ©MEEM
a-a+a-a+..=(a-a)+(a-a)+...=0, c Ipyrou CTOPOHBI,
a-a+a-a+..=(a—a)—(a—a)—...=a.CpaBHUBas UX, NOJYYUM a =0 .

Takum oOpa3om, B psgax HE BCerjga MOXKHO BBOJIUTh CKOOKH. Psin
a—a+a—a+..- PACXOIALIUNCS.

§ 3. HeoOxoauMmblii IPU3HAK CXOAMMOCTH PsiaAa.
Teopewma. Ecnupsan ) u, cxogurest, T0 limu, =0.

n—»0

Jloka3aTenbCTBO. ITycte S =1limS,,
n—>0
u, =S, -85

n n n—-12

limu, =1lim(S, - S, ) =1imS, —1limS,_, =S-S5 =0.

n—»0

He cnepyer ymyckarb U3 BUAY, YTO yCIOBHUE limu, = 0 ABIAETCA HEOOXOIUMBIM

n—»0

1. CXOJUMOCTH psAla, HO HE JOCTATOYHBIM. OJTO O3HAYA€T, 4YTO CYIIECTBYIOT
pacxomsaimuecs psabl, JJId KOTOPBIX limu, =0.

n—»0

I 1 1 1 > 1 o
JIns TOATBEpPKIACHHUS PACCMOTPUM DSl I+§+§+'"+_+"'= > —, KOTOpBIi
n n=1 N
Ha3bIBaETCI T'a p M OH U Y € ¢ K U M. Ero o0uiuii uieH cTpeMuTcs: K HyJIl0 Tpu

n—o: limu, =0.

n—>0
[Tokaxem, 4TO TapMOHUYECKHUI P PACXOAUTCA.
B camowm pene, eciiu Obl TapMOHUYECKUHN PSIJT CXOAUIICS, TO UMENU Obl
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lim(S,, —S,) =limS,, —limS, =S-S5 =0.

C npyroil CTOpoOHBI, S, —S§, = 1 n 1 L 1.1
s " n+l n+2 7 2n 2n 2n

1 .
S,, =S, >5' Orcroga crnegyeTr, 4YTO PaBeHCTBO lim(S,, —S,)=0 HEBO3MOXHO.

CnenoBaTenbHO, TAPMOHUYECKUAM PSIJT pACXOAUTCS.
CnenctBue (I0CTaTOYHBIN MPU3HAK PACXOAUMOCTH Psia).
Ecmu limu, #0, TO A Y u, PACXOIUTCSL.

n—»0

JleHcTBUTENBHO, €ClIM OBl psAll CXOAWICH, TO limu, =0, YTO MPOTUBOPEUYUT

n—»0

YCJIOBHIO.
2n

ITp u M e p. Permts BOpoc 0 CXOAUMOCTH psAa z T
n=0 N +

lim 2"

, =2. CnenoBarenbHO, JaHHBINA Pl PACXOIUTCHL.
n+l  men+l

NmeeM u, =

§ 4. ﬂOCTaTO‘IHLIe NMPU3HAKHA CXOAUMOCTH 3HAKOIIOJIOKUTC/IBHBIX PAI0B.

I[OK&BBIB&TB CXOAMMOCTh WK PaCXOAMMOCTb KaXA0ro psaaa, a TaKxkKe
BBIYHUCIIATE CYMMY CXOIAIICTOCA psdada MOKHO, OIIMpPasChb HCEIMOCPCACTBCHHO Ha
onpeaciacHusa CXOAMMOCTH U CYMMEI. OI[HEIKO TaKoOu IIyTb OKa3bIBACTCA HCYI[O6HBIM
H3-3a TPYAHOCTH ABHOI'O BBIYUCIICHUA YaCTUYHBIX CYMM pslid. HCpCI[KO 6I>IBaeT, qTo
IIpHU UCCIICAOBAHHUHU PAAOB 3HAYCHHA YaCTUYHBIX CYMM HC MMPCACTABJIAIOT MHTCPCCAa U
IIOCJIC PCHICHHA 3aJadd IMPCBPAIIAIOTCA B «OTXOABI IIPOMU3BOJACTBA. bonee TOro,
HHOr'’Ja HC HY’KHA IaKC CyMMa psga, a BCC HCCICAOBAHHA BCAYTCA JIMIIb pPaan
peuicHusa BOIIPOCa O CXOAMMOCTH HJIIM PAaCXOJHUMOCTH pAAa. HOBTOMY ITOJIC3HBI
IIPpHU3HAaKH, IMO3BOJIAIOINEC PCIIaTh BOIIPOC O CXOAMMOCTH psAaa 0e3 HaxoXACHUA €ro

CYMMBI.
OrpaHn4mumcst paCCMOTPEHUEM JIUIIB ITOJ0KUTEIBHBIX PSAIOB.
Pan  wu,+u,+us;+..+u,+.., BCE WIEHBl KOTOPOTO  YAOBJIETBOPSIOT

HCPABCHCTBY u, = 0, Ha3bIBACTCI MOJTOXUTECJIbHBIM pAaIOM.

PaccMoTpuMm Hambojiee YacTo BCTpPEUAIONIMECS IPU3HAKK CXOJIUMOCTH |
PacXOaUMOCTH PSAIOB.

1. Ilpu3sHaku cpaBHEHHUS PSIIOB.

T e opewma. Eciu nanbl 1Ba MOJOKUATEIBHBIX psaa
U +u, +uy . tu, + ., 4)
Vi FV, VY, %)
npu4eM u, <v, MpHU JOO0M 7, TO:
a) U3 CXOJUMOCTH pana (5) cieayeT cXoAUMOCTh psaa(4), mpuuemM cyMma psia
(4) He mpeBOCXOIUT CyMMBI psifa (5),
0) u3 pacxoauMocTu psiaa (4) cneayeTt pacXoauMocTh psiaa (5).
JJ okaszaTenscTB o [yers u +u,+uy+..+u,+..=(S,),,

ViV, Vv, +.=(S), .
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Tak Kak B 3THX pAaaax HET OTPULATCIIbHBIX YJICHOB, TO C YBCIIMYCHUCM

OyayT yOBIBaTh MOCIIEIOBATEILHOCTH (S,), U (S,), . Tak Kak psg (5) cXOmuTes, TO €1
cymma S,0yzner yIOBIETBOPATh HepaBeHCTBY (S,),<S,. Ilo ycioButro u, <v,,
CJIEIOBATEIBHO, S,),=<(,),, a HOodTOMy H TIIOJABHO S),<S§, T.e
MOCJEeA0BaTENbHOCTh (S,), C BO3pacTaHueM n He YyObIBaeT M orpanuueHa. Ha

OCHOBAaHMWH TEOPEMBI O CYLIECTBOBAaHMHU MpElesia BO3PACTAIOIIEH OrpaHWYECHHOU
MOCJICIOBATCIILHOCTA  3aKjIro4yaeM, 4YTo  (S,),AMECT TIpeaea IpU 71 —> .

CnenoBarenbHo, psf (4) cXoauTcs, IpudeM lim($,), =8, <S,.

Ilycte psig (4) pacxoauTcs, T.€. lim(S,), = oo .Tax kak (S,),>(S,),, TO
lim(S,), =0, T.€. psJl (5) Takxke pacxomguTCs.

OTMeTuM, 4TO JJIsl CPABHEHUS YaCTO UCIIOIB3YIOTCS PSIbI:

a) Y aq"" - TeOMETpHUYECKask IPOrPeCcCHs,

n=1

6) >

n=1 N

Hupuxiie).
ITp u M e p. UccienoBars psaabl HA CXOAUMOCTD

<
1' zn.3n71

n=1

—cxooawuticanpu o > 1 . .
,- 000OIIEHHBI TAPMOHUYECKUU PsAm (s

— pacxodawuics npu @ <1

1

Pem e nue. OOuwui 4yneH HaHHOTO pSAOA u, = limu, = lim = =0,
. n—0 n—»0 n .
T.e.  HEOOXOIMMBIA  TPHU3HAK  CXOJUMOCTH  BBINONHSETCS.  PaccMoTpum
BCIIOMOTATeIBHBIN  cXopsmuiica pax Y ——. Fmeem TS Vn e (1,0).
n=1 n-

CnenoBaTenbHO, JAHHBIN P CXOTUTCS.

< 1
2.3 L
1 A/n(n—1)
P e m e H ue. Tak kak ¢ yBenIMueHUEM 3HAMEHATENs APOOb YMEHBIIAETCS, TO
1 1

1 =1
= > = — = . —_——

rapMOHUYECKUN, PACXOISIIMICS, CIE0BATEIbHO, JAHHBIN Pl PACXOAUTCS.

[Ipumeuanune CXOOMMOCTh WIM PACXOAMMOCTh Psifia HE HapyIIaeTcs,
€ClIM OTOpPOCUTh WM MpUIUCaTh K HEMY JII000€ KOHEYHOE YHCIO YJICHOB.
JIEACTBUTENIBHO, €CIIN PAJ CXOAUTCS, TO OT TAKUX ONEPALIUN MOKET U3MEHUTCS JINILb
ero cymma. Eciom ke pax pacxommTtces, TO CyMMa KOHEYHOI'O YHCJIA CIaraéMbIX He
caenaer ero cxogamumMmces. [1oaToMy ykazaHHbINA IPU3HAK MOXKET ObITh IPUMEHUM U B
TOM clly4ae, eclid u, < v, OyJeT BBIIOIHATHCS, HAUMHAsl C HEKOTOPOro n > N .

o0muii wieH JaHHOrO psga v

2. IIpenenpHbli MPU3HAK CPABHEHMUSI.
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Teopewma. Ecmm u,>0,v, >0 (n=1,2,3,...), lim 2z =A>0, TO pAabI

n—>0 \%
n

Z\}n OJHOBPEMCHHO CXOOATCA UIIK PACXOOATCA.

n=1
00

ITpuwme p. UccnenoBath HA CXOAUMOCTD P Z;
\n® +4n

n=1

> 1
P e m e # u e. CpaBHUM C TapMOHUYECKUM PSIIOM Z—. Nmeem

n=l1

lim ( ! :1) =1, CJIEIOBATEIbHO, TAHHBINA PSIJl PACXOIUTCA.

"% A +4n N

[IpuMeHeHue MpU3HAKOB CPAaBHEHUS IMPHU HCCIEAOBAHUU CXOIUMOCTU PSIIOB
yacTo  ObIBaeT  3aTPyJHUTEIBHBIM  H3-32  HEOOXOJMMOCTH  COCTaBISITh
BCIIOMOTaTeabHbIE Psbl. OOIIMX MPUEMOB JJIsl 3TOTO U TOAHBIX JJIsl BCEX CIIy4acB HE
cyiiecTByeT. Micronb3yloTcst U Apyrue JOCTaTOUHbIE TPU3HAKH.

3. Ilpusnak Jlamamoepa.

Teopewma Ecm pin ) u, ¢ MOTOKHUTETBHEIME WICHAMH TaKOB, YTO

. un+1 . . .
CyllecTBYeT lim— =g, To ipu: 1) g <1 psia cxogutcs; 2) g >1psan pacxoaurcs; 3)

n—>0 un
g =1 BOIPOC O CXOAUMOCTH OCTACTCA HEPEUICHHBIM.
=
ITpuwme p. UccnenoBath HA CXOAUMOCTD P Z—'
n

n=1 Tts

|
L tim et o pim— " gim— L —o<1.
> (n 1) et

1
Pemenune UveeM u, =—, u,,, = , lim
n! (n+1)1" o=y,

CnenoBaTenbHO, JAHHBIN PSAI CXOAUTCS.

4. PapukaneHblii npu3Hak Kommu.

T eopewMa Ecmm pan Zu C MOJIOKUTEJIBbHBIMM YJIEHAMU TaKOB, YTO

CYIIECTBYET lim{/Z =g, To ipu: 1) g <1 psag cxogutcs; 2) g >1psaa pacxogurcs; 3)

n—>0

g =1 BOIIPOC O CXOJIUMOCTH OCTAETCS HEPEIICHHBIM.
OtmetuM, YTO cwmia mnpusHakoB Jlamambepa u pagukaiabHoro Kormm
OJIMHAKOBA, T.K. OCHOBHAS WJI€sl JOKA3aTEIbCTBA OJIHA U Ta XKeE.

ITp uwmep. Uccienosars Ha CXOAUMOCTD P 2[3 n 1) .
=\ 3n+

2n i 2n _ lim 2 —3<1

= lim = =
(3n+l} oo 3p+l m>e341/n 3

PemeHnue HNvmeeM limgu, =limy

n—»0 n—»o0

CnenoBaTenbHO, JAHHBIN P CXOAUTCS.

1. Murterpanbubiii npusHak Komu.
2.
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T ¢ o p e M a. Paccmorpum psin Y u, (u, >0), WICHBI KOTOPOTO SIS
3HAQYEHUSIMU HENPEepPhIBHOW (DYHKIUU f(x)IpU IEJNbIX 3HAYEHUSX apryMeHTa x:
u, = f),u, = £(2),....,u, = f(n),... ¥ MycTh f(x) MOHOTOHHO YOBIBAET B MHTEPBAIIE

[l,oo). Torma Zu u I f(x)dx OMTHOBPEMEHHO CXOIATCS WU PACXOAATCS.
1

HoxazaTenancTBo. [IycTh HECOOCTBEHHBIN UHTErpa j f(x)dx cxomurcs,
1

MNOKaXEM, 4TO Mpeaecia YaCTUYHBIX CYMM psiJa CYIIECTBYET U KOHECUYCH, T.€. limS, =S,

o
rne S, =u +u, +..+u, = fA)+ f(2)+...+ f(n). PaccMOTpUM KPUBOJIUHEHHYIO
Tpaneuuto (puc. 2), orpaHUYEHHYIO KPUBOU y = f(x),C OCHOBAHHEM OT x =1 JI0 x =7,

rie n- TPOU3BOJBHOE II€JIOE
y MOJIOKUTENBbHOE yucio. [lmomans
1 ee (110 TEOMETPUIECKOMY CMBICITY
OMpENIEICHHOT0 MHTErpalia) paBHa

I, :j.f(x)dx.

U= (_1‘)
| PaccmoTpumMm nBe cTyrneHya-
U,=f(2) Thie (purypsl. OJHa U3 HUX BIHUCA-

Ua=£(3 Ha B KPUBOJIMHEMHYIO TPANIEHUIO
_I3_ ) M €€ IJI0IaAb paBHa:
y=1(x)
Un<f(n-1)
<

Puc.2

Q)+ fB)+..+f(n)=S,—-f(1)=S,—u,, Bropas omnucaHa OKOJIO HEE M ILIOLIAIb
eepasia : f(D+f2Q)+.+f(n-D)=S,-f(n)=S§,~-u,.
Nmeem S, —u, <I,<S, —u,. Orcrona cieayer, 4ro
I +u, <S <I +u,. (6)
3ametuMm, 4TOo [ M S, KBO3pacTarOT BMECTE C n,T.K. f(x)- TOJIOKHUTEIbHAS

byHKIMS.
[IycTh HECOOCTBEHHBIM MHTErpan cXoAuTcs lim/, =1. YuurbiBad, 4uro [, <1,

n—»0
u3 mnpaBoi uyacTu HepaseHcTBa (6), umeem S, <[, +u, <I+u,. CienoBareisHo,
YaCTUYHBIE CYMMBI psfla S, OTPAaHUYCHBI CBEPXY, a T.K. S, BO3PACTalOT C POCTOM 7,

TO B CWIY TEOPEMBI O CYIIECTBOBAHMHM KOHEYHOTO IMpelesia BO3pacTaroIei
MOCIEIOBATENBHOCTH, OTPAHUYEHHOM CBEPXY, UMEEM limS, = S, T.€. psi CXOUTCS.

n—»0
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[lycTh HECOOCTBEHHBIM MUHTETPal pacXoauTcs. Toraa I, — o MpU 1 —> o NS

JIEBOM 4aCTU HEpaBEeHCTBA (6) 3aKiIF04aeM, 4To S, — oo, T.€. PSII PACXOIUTCS.

= 1
IIpuwmep. UccaenoBaTh HAa CXOOAUMOCTD DS )
p P p ,,Z::‘(n+l)ln2(n+1)

12 , limu, = 0. 3aMeHsq UETOYUCICHHBIN
(n+DIn“(n+1)  noe

Pemenue. UmeeM u, =
1
- . Ora
(x+DIn"“(x+1)
(QyHKIMS HenpephiBHA, MOJIOKUTEIBHA M YOBIBAET Ha [l,00). TIo3TOMY MOXKET OBITH
MPUMEHEH UHTErPAIbHBIN Npu3HaKk Komm:
T 1 . 1 1
I 5 = lim I 5 =—lim =
(x+ DI’ (x+1) o= (x+DIn(x+1)  o=In(x+1)|,  In2
[Ipumeuanwue. MHoraa Bonpoc 0 CXOAUMOCTH YUCIOBOTO PSAJa PEIIACTCS
HEpalMoOHaIbHO. B 4YacTHOCTH, HOpUCTyIas K WCCIENOBAHUI0O HA CXOJMMOCTb,
MPUMEHSAIOT TOT WM HWHOW JIOCTATOYHBIM MPU3HAK CXOJUMMOCTH, HE MPOBEPUB
MPEABAPUTEILHO BBITIOIHAETCS JTU HEOOXOIUMBIN MPU3HAK.

aprymeHT oO1iero ujieHa psjaa Ha x, MOJIyYUM (byHKuH}o f(x)=

|b

. JlaHHBIN PSTT CXOOUTCH.

2

2L
ITp uwme p. Uccmenosats Ha CXOAUMOCTD PAT ) ———.
n=1 3n” +1
P e m e # u e. I[lpoBepseM BBINOJIHEHHUE HEOOXOJIUMOro MpHU3HAKA
. . n’ 1
limu, = lim ———=—# 0. Ce10BaTeNbHO, PAI PACXOIUTCS.
n—w n—o 3p° 41 3

§5. 3nakouepenyrommuecs psaabl. [Ipusnak JleinOnuna.
Ompenenenue. Pam u, —u, +uy —u, +...+(=1)""u, +..., (7)

rae u, >0,n=12,.. Ha3bIBaCTCI 3HAKOYECPECAYHWIMUMCSI pPsSIT0M.

[Tpusnak JlelOHuIIa: eclny WieHbl 3HAKouepeayromierocs psiaa (7) MOHOTOHHO
yOBIBAIOT 1O a0COJIFOTHON BETUYMHE, T.C. U; > U, > Uy > Uy >...>u, >u, , >..>0, (8)

U limu, =0, TO psia (7) cXOAUTCS, MPUYEM €ro cCyMMa MO aOCOMIOTHOM BEIMYMHE HE

n—»0

IMPCBOCXOOUT IICPBOIO YIICHA.

JNoxaszaTenbcTB 0. PaccMOTpUM YaCTUYHYIO CyMMY YETHOTO YHMCIa
4jieHOB pana (7)

Sy, =U —Uy FUs—Uy ot uy,,  —U,, .
Crpynnupyem ee AByMs Cliocodamu
Sy = —uy) +(uy —uy) +ooc+ Uy, —uy,), )
So =ty =ty =13+ (g —t15) ¥t (1 =0, ) H1, ] (10)

Tak kak uwieHbl MOHOTOHHO YOBIBaIOT MO aOCOJIIOTHOM BEIUYUHE, TO
BBIpaXKEHUSI B KPYTJIBIX CKOOKaX MOJOXKUTENbHBI. Clie1oBaTebHO, KaK BUIHO U3 (9),
S,,, MOHOTOHHO BO3pacTaer ¢ yBeqndyeHueM m. C Ipyroi CTOPOHBI, BBIPAXKECHHUE B

KBaJpaTHBIX cKoOkax paBeHcTBa (10) monoxkurenbHo. CienoBarensbHo, S, BCE BpeMs
OocTaeTcss MEHbIIEe u,. TakuM o00pa3oM, MOCIEAOBATEIBHOCTh S, MOHOTOHHO

BO3pacTaromiasd, OoIrpaHHMYCHHAasA CBCPXY, CJICA0BATCIILHO, NMCECT npeaci:
limS,, =S<u,.

m-—>0
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Hanee S, ., =S,, +u,,,. Iak KaK 0 yCIOBUIO limu,, =0, TO U limS

2m+l
m—»o© m—»o

T.€. YaCTUYHBIE CYMMBI psiia UMEIOT OJUH U TOT K€ MIpeAesl HE3aBUCUMO OT HUX
YETHOCTU WJIM HEUETHOCTH. TakuM o0pazoMm, psia (7) CXOAUTCA U €ro cCyMMma He
0O0JIbIIIE IEPBOIO WIEHA. 3HAK S COBMAJAET CO 3HAKOM MEPBOT0 YIEHA Psija.

S n 1
II1p um e p. Uccrenosats Ha CXOXUMOCTB psix Y (—1)""

e (n+DIn(n+1)
P e m e H ue. AGCONIOTHBIE 3HAYEHHUS YWICHOB PsiJla MOHOTOHHO yOBIBAIOT
! > ! ,(n>1).
nlnn (n+1)In(n+1)
1
limu, =lim ————=0

n—>0 e (n+1)In(n +1)
CHCHOB&TGHBHO, pAaa CXOOUTCA U €0 CyMMa 6YI[eT MCHBIIC IICPBOI'0 YJICHA,
T.C. §<

2In2 "

[Ipumeuanue OTMETUM CYHIECTBEHHOCTh MOHOTOHHOTO YOBIBaHHS
YJICHOB psiia B Ipu3HaKe cxoauMoctu Jleionuna. Tak, 1 psaa
I 1 1 1 1 I 1

OTcyTCTBYyeT MOHOTOHHOE YOBIBAHHE UJIEHOB psijia U P PACXOJIUTCS.
JleficTBUTENBHO, €CIN OBl OH CXOJIMJICS, TO CXOAUJICA OBl (COTJIACHO COYETATEILHOMY
CBOMCTBY CXOJSIIUXCS PSIIOB) U Pl

1 I 1 I 1 I 1
I-)+ (=) +(=z—>)+..+(———)+...,T.C.
I=2)+G- (3 6) (n 2n)
I 1 1 1 1 1 1 o
—+—4+—4..+—+..=—|l+—+—+..+—+...|, HO OH TAPMOHHUYECKHN WU PACXOJIUTCH.
2 4 6 2n 2 2 3 n
CrienoBaTenbHO, TAHHBIN PSAI PACXOIUTCA.

§6. 3HakonepeMeHHbIe PsiAbl. AOCOJIOTHAA U YCJIOBHAsA CXOAMMOCTb.
Jau psag u, +u, +u; +u, +..+u, +.., (11)
UiieHsl psifia - TPOU3BOJIbHBIE ACHCTBUTENbHBIC Ynca (JTI000T0 3HAKA).
CocrtaBum psifi U3 a0COTIOTHBIX BEIUYUH WieHOB psiaa (11)
oty |+ oy | s | o |+ [, |+ s (12)
T eopewma Ecimu cxomurcs psa (12), cocraBieHHBbId U3 aOCOIIOTHBIX

BEJIMYUH 4YI€HOB AaHHOTO psija (11), To cxoqutes u nanusiid psan (11).
O603HaunM gyepe3 S, n-10 YaCTUYHYIO CyMMY psna (11)

u}’l

S,=u, +u, +uy +tu, +..+u,, CyMMy UJIEHOB C TOJOXKHUTECIbHBIMH 3HAKaMH,

BXOAAIIMMH B S,, O0003HauMM S/, a CyMMy aOCOJNIOTHBIX 3HAYeHUU

OTpULATENBHBIX WIEHOB- uepe3 S, . Torma OyaeM uMetb S, = S-S, (13)
Cymmy n- wieHoB psana (12) o6o3nauum uepes o,

u,|.

o, =, |+ [uay] + [uas] + fury | + ...+

Torpa 3anumeMm o, =S'+S . Tak kak pan (12) cxoauTcs, To UMeeM limo, = .

n—»0

S'US ecTb CYMMBbl IMOJOXHUTEIbHBIX CIAaraeMbIX M, CJEJ0BaTelbHO, OyayT
MOHOTOHHO BO3pacTaTh, OCTaBasACh OTPAaHUYECHHBIMHU, T.X. S, <o,<0, S, <0,<0.
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[ToaTOMy CyIIEeCTBYIOT TpeIeibl IMOCISAOBATEILHOCTEH S 'US. TIpH 71 -\
CrnenoBarenbHO, HA OCHOBaHUU paBeHCTBa (13) cymiecTByeT lim§, = lim S, -lim 5

n—»0 n—»0

Taxum oOpazom, psn (11) cxoaurcs.

OnpeneneHu e 3HAKONEPEMEHHBIM psii Ha3bIBaeTcsi a0 CO T IO T H O
CXO/JS I UM C s, €CIIU CXOAUTCS P, COCTABIICHHBIN 13 a0COMIOTHBIX BEJIMYNH
ero ujaeHoB. CXoAsuuics 3HaKOTIEPEMEHHBIN PsiJl HA3BIBAETCS Yy CJII OB H O
CXOMJS U UMC S, €ClIH PsAJl, COCTABICHHBIM M3 aOCONIOTHBIX BEIUYUH €O
YJICHOB, PACXOIUTCHL.

0 - 1 . ©
IIpuwmep Pix ) (-1)"— abcomoTHO CXOMIMMHCI, T.K. Pim » —
n

n=1 n=1
cxoautcs (00001IeHHBI TapMOHUYECKUH Psifl, a =3 ).

Cpenu 3HAKONEPEMEHHBIX PSAA0B aOCOMIOTHO CXOJISAIIMECS PSIAbl 3aHUMAIOT
oco00oe MeCTO: Ha a0COJIIOTHO CXOJIAIIHUECS PsAbl TEPEHOCITCS OCHOBHBIE
CBOMCTBAa KOHEYHBIX CyMM, B YAaCTHOCTH, CBOMCTBO MEPEMECTUTEIHLHOCTH- €CITU
PSAI CXOUTCS a0COJIFOTHO, TO OH OCTAETCSl a0COJIIOTHO CXOJSAIIUMCS MPHU 000U
MEePECTaHOBKE €ro YJICHOB, IIPU 3TOM €ro CyMMa HE U3MEHSIETCS.

Ecnu ke pan cXoauTcst yCI0BHO, TO MOKHO COOTBETCTBYIOIIEH EPECTAHOBKOM
YJICHOB TIOJIYYHTh PSJ, YCIOBHO CXOJSIIHUNACS K JIIOOOMY Hamepen 3alaHHOMY
YUCITY ¥ Ta)KE TIOJIYIUTh PACXOSIIUANCS PSI.

I1p uw™m e p (mapamokc). Benmnunna yncna In2 He H3MEHSACTCS TIPU YMHOXCHUHU
Ha 2.

1 1 1 1 1

M3BeCTHO, In2=1-—4+———+———+... (*)
2 3 4 5 6

YMHOXKas psan (*) Ha 2, TONYYUM 2In2 =21+ %—l+g—l+z—...

2 5 3 7
OO0benmMHUM YJICHBI C OJWHAKOBBIMH 3HAMCHATEISIMA W PACTIOJIOKHM
MOJTYYCHHBIC YHCIIAa B TIOPSIAKE BO3PACTAHUS 3HAMEHATEIICH:
dn2=1-+ L L1 (% %)
2 3 4 5
N3 (*)m (**)3akmouaeM In2=21n2.
Takum 00pa3om, B YCIOBHO CXOMSIIUXCS PS/IaX HEIb3S MEPECTABIATH WICHBI

psna.

§7. OcraTok psijia v ero OLeHKa
Jlan cxopsmuiics ps

S, (14)

n=1

rae S - ero cymMma, r, - OCTarok, r,=S-S,, T.e. r,=u,,  +u,  , +...

n+l n+2

Ecnu psin (14) cxoautcs, TO limr, = 0.

n—>on

JlelicTBUTENBHO, limr, = lim(S-S, )=S-limS, =S-5=0.

n—0 n—o0

[Ipu 3ameHe cymMMBl SpsAa €ro 4YacTUYHOM CyMMOM S, aOcosroTHas

MOTPEIIHOCTD paBHA A =
B npubnuxeHHbIX pacueTax BCTPEUAOTCS 3adauH:
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1. Tpebyercss HallTH NMPUOIMKEHHOE 3HAYEHHUE CYMMBI Psiia, IPOCYMMU P \E
3aIaHHOE YMCJIO «N» YJIEHOB Psla U OUEHUTH MOIPEIIHOCTb, KOTOPAask MPH ITO-w
JIOIYCKACTCSI, T.C. OLICHHTh BEJIMUMHY |r,|.

2. 3amaHa TOYHOCTh ¢. TpeOyeTcs HaTH CymMMy psiia OpUOIMKEHHO Tak,
4T06BI OIIMOKA He MPEBBIIIAa &. B 3TOM ciiydae pemaoT HepaBeHCTBO |r,|<c.

I[J'IH OJHHUX PAAOB HCPABCHCTBO <& BBITIOJHAETCS, €CIIU B3ATh HEOOIBIIOE

r
3HAYEHHUE «N», TAKUE PsIIbl HA3BIBAIOTCI O BICTP O CXO A A UM U C 5. s
JIPYTUX PSIIOB HAZO OpaTh «n» JOBOJIBHO OOJBIINM, TAKUE PSIbI HA3BIBAIOTCS M €

o0 1 -
AIEHHO CXOJIIIHKMHuC a. Hanpumep, 1 psaa Z—' |rn|<106npn n>9,a
n=1n'

n+l1

S -6
st paga (1) = |r,|<10” mpu n>10°, 4TO MPAaKTHYECKH HEBO3MOXKHO. MBI
n=l1 n

OyJlileM paccMaTpUBaTh CPABHUTEIBHO OBICTPO CXOSIIUECS PSIIbI.
WNrtak, Hamo ymeTh HaTU r,. JTO Mbl YMEEM Je€JaTh JUIIb I HEMHOTHX

CXOIAIIUXCA psAoB (reomeTpudeckas mporpeccusi). IlostomMy Hayuumcs
OLICHUBATh OCTATOK PAJA.

Onmenka ocTaTkKka 3Hakoyepenywmerocs psana. Eciou
3HAKOYEPEAYIOIIMICS psii CXOAUTCA N0 Npu3HaKy JIelOHuIa, To ero n-ii 0cTaToK
1Mo abCOMIOTHOW BEIMYMHE HE MPEBOCXOIUT MOYJIS MEPBOTO U3 OTOPOIIECHHBIX
YJIEHOB, T.€.

rn S un+1 ¢

ITycTe psn Z(—l)”*‘un cxoautest o npusHaky Jleitonuna. Toraa n-if octaTok

n=l

pana r, =+(u,, —u,,,+u,,—..)IBIIETCA CYMMON 3HaKouyepeayromerocs psaa. Ha
OCHOBaHHY IpH3HaKa JIebHuIa umeeM |r,| <u,,,.

OumeHnka ocTaTKa 3HAKOMOJIOXMUTEINbHOTO psjaa. Ecnu
BCE€ UJICHBI CXOJISIIEr0Cs 3HAKOMOJIOKUTEIBHOTO Psijia

Du, (15)
HE MPEBOCXOAT COOTBETCTBYIOIINX YJICHOB CXOJSIIETOCS 3HAKOMIOIOKUTEITHHOTO
psna

Zvn , (16)
T.e. O0<u, <v ,n=1273,.,T0 n-i octaTokK psaa (15) He MPEeBOCXOAUT n- TO OCTATKa

psana (16).
O603HauuM n- € octaTku psioB (15) u (16) cooTBEeTCTBEHHO Uepe3 U r’, T.€.

n

rl=u,, +u +v, ., +Vv ., +... KOKIBII U3 3TUX OCTATKOB €CTh

v
n+l n+2+u + o rn_v

n+3 .

n+l n+2

CyMMa CXOJJAIICTOCSA 3HAKOIIOJOXUTCIBHOIO psja. Tak kak 1o YCJIOBHUIO

u,, <v , TO Ha OCHOBAHUU IIPU3HAKa CPAaBHCHUA r <7’ .

il SVl SV,

OnmeHnka ocTaTKa 3HaKoOmMepeMeHHOTO psajaa. Eciu
3HaKomnepeMeHHbIN psa (11) abCcomoTHO CXOAUTCS, TO a0COIIOTHAS BEIUYUHA €TO
n- TO OCTaTka HE TMPEBOCXOAUT n- [0 OCTaTKa psja, COCTABICHHOTO W3

a0COIIOTHBIX BEJIMYMH YJICHOB JaHHOTI'O psaaa.

14
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Hycts cxopurest psix (12). Pacemorpum octatku psinos (11) u (12), nme. N
+u + +

>

‘U, +.o., 1= +... Ilpu m00oM  pumeew

n+3 .

u

u

u

rn = un+1 n+2 n+l n+2 n+3

U, ,+u,,+tu <

+..t+u

n+3 n+p

U]+ ¥

un+1 | + un+2| +

un+p
[lepexonss B HSTOM HEpPAaBEHCTBE K TMpeleny 0pu p—> oo, MNOIyYUM

+u +..tu

un+1 +u n+3 n+p

- < lim h”n+1| + J HIH |r,| < 7).

p—>©

lim
p—>0

Uy |+

un+2| + un+p

§8. O0mue 3ameuyanust
YToOBl yCHEIIHO HCIONb30BaTh TEOPUIO YHCIOBBIX PSIAOB Ha MPAKTHKE,
HEOOXOMMO  TOBTOPUTh  TEOPUIO  NPENesoB,  TaOJIUIy  WHTErpasos,
HECOOCTBEHHBIE NHTErPAJIbI C 0ECKOHEUHBIM BEPXHUM MPEEIOM.
[Ipu wucnonp3oBanuu mnpuszHaka JlamamOepa He JAONyCKaTh OLIMOOK MIpH
HaxO0KJICHUM WICHA u,, , KOTOPBIA ITOJIy4aeTCs U3 4i€Ha u,3aMEHON nHa (n+1),

n+l o
n' (n+ 1)(n+1)
S =——,T0u, K =+——>———.

(2n)! [2(n +1)]

Bomnpoc 0 cxoaguMocTH 4UCIIOBOTO psijia HaJ0 peliaTh paroHaibHO. B Havane
MPOBEPUTH BBITIOJHAETCS JUM HEOOXOAWMBIM TpU3HAK, a 3aTeM IPOBEPHUTH
BBITIOJTHEHUE OJHOTO M3 IOCTAaTOYHBIX ITPHU3HAKOB.

HeoOxoauMplii mpu3HAK CXOAMMOCTH HEIb3s MPUHUMATH 3a IOCTaTOYHBIM- ATO
pacmpocTpaHeHHas OIIMOKa.

Nuorma myst uccneoBaHUsT BOIMpOca O CXOJUMOCTH psAlia  MCHOJIB3YIOT
KOMOHMHAIMIO TIpM3HaKoB. Hampumep, wucciaegoBath Ha CXOAUMOCTH  Psfl
i(n + 1}”2 1

9

=\ n "12.3" 41

Harpumep, u

2 2

) ()

[IpeoOpazyem o0OmMIA 4YjieH JAHHOTO psiaa u, = = , OTCIO/1a

/(3n n 1)2 3" +1

u, <
3”[
)
K psny c oOmum uneHoMm v, =3—’: MPUMEHUM PAJTUKAIBHBIN MPU3HAK
[1+1j ;
Komm lim 4fv, = lim T”=§<1.

Takum 06pasom, psix Y .v, cxourtcs. Ha OCHOBaHMM TpH3HAKA CPAaBHEHHUS

3aKJIr04acM, 4ToO I[aHHBIﬁ pAa CXOAUTCA.

§9. ®yHKIHOHAIbHBIE PSI/AbI
Onpenenenue. Psa u, (x) +u, (x) +u, (x)+...+u, (x)+..., (17)

YJIEHbl KOTOPOTO SIBISIOTCS (YHKIUSMHU apryMeHTa xU HMMEIT O0OIIyr0 00JacTh
onpeieNieHns], Ha3bIBaeTCI @ YHKIIUOHAJIBHBIM P S0 M.
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Hanpumep, x+x> +x° +..+x" +...= D x",
n=l1

. 1 . I . 1.
snx+—sin2x+...+—smnx+...= Z—smnx.
2 n n=l1 n
[lycTh x,ipuHAIIEKUT 00NacTH ompeneseHuss PyHkuuu u,(x). [lomoxum B
(17) x=x,, HOTy4YUM YUCTOBOM PSI 1, (x,)+ 1, (x,) + 5 (xy) + .t u, (x,) +... (18)

Onpenenenue. Ecnu psg (18) cxomutcs (pacxoauTtcs), TO x, Ha3bIBACTCS

TOYKOM CXOJUMOCTH (pacxoauMocTH) GyHKIIMOHAIBHOTO psiaa (17).

Onpenenenue. COBOKYMHOCTh BCEX TOUYEK CXOAMMOCTH (DYHKIIMOHATBLHOIO
psiJa Ha3bIBaeTCA 0 0 TaCThO CXOJAUMOC TH.

Ecmu x,- Touka cxomumocTtu psga (17), TO MOKHO TOBOPUTH O €T0 CyMME B

TOYUKE x,: u,(x,)+u,(x,)+u;(xy)+...4+u, (x,)+...= S(xo).
B obOnactu cxonumoctu (pyHKIIMOHANBHOTO psifa (17) KakaomMy 3HAYEHUIO X
COOTBETCTBYET ONpeleieHHas cymma, HUMeHHO  S(x,),S(x, )...rme  x,,  X,..

MpUHaJIeXaT 00JaCTU CXOAUMOCTH (GyHKIHOHAIbHOTO psiga (17). Tak uto cymma
(GYHKIMOHAIBLHOTO psifia ecTh QyHKIUS S(x) apryMeHTa X, ONpeeeHHas B 00nacTu
€ro CcxoJuMocTH. BHe oOnactd cXOAMMOCTH (PYHKIMOHAJIBHBIA Pl HE HMEET
CYMMBI.

IT puwme p. Onpenenuth 001aCTh CXOAUMOCTU (PYHKIMOHAIBHOTO psiaa

xtxt X X=X
n=l1

P e m e H u e. Bee uwieHsl 1aHHOro (yHKIMOHAILHOTO A ONPEAEIIEHBI IS
Bcex x. OHM 00pa3yroT reOMETPUYECKYIO IPOTPECCUIO CO 3HAMEHATEIEM X, KOTOpas
cxogutcst mpu  |x]<1. Takum oOpazoM, O00JACTBIO CXOJUMOCTH —JAaHHOTO

(YHKIIMOHAIBHOTO psifia BIAETCS —1<x<1.

o = 1
ITp u M e p. HaiiTi 061acTh CXOAMMOCTH (DYHKIIMOHATIBHOTO Psiia » —— .

N+ X

1 1 6 1

——— <—Tnpu JOOBIX x, a paA Y — CXOJHUTCH,
n +x n n

CJIeI0BaTENbHO, TaHHBIA (DYHKIIMOHATBHBIN Psii CXOAUTCS MPH JIFOOOM x, 00JaCThIO

€ro CXOAUMOCTH ABIACTCA MHOXCCTBO BCEX BCIICCTBCHHBIX YHUCCII.

P e me uu e

§10. ITonsiTue 0 paBHOMepPHOIi cX0AUMOCTH. OCHOBHBIE CBOIICTBA PABHOMEPHO
CXOIALIUXCH PAAOB.

Paccmotpum dyukimonansueiil psig (17). [lycTe X - 001acTh €ero CX0IUMOCTH,
S(x)- cymma; S(x)=S,(x)+r,(x), e S,(x)=u,(x) +u,(x)+...+ u,(x) - YACTHYHASA CyMMa,;
7, (x) - OCTATOK psna; r,(x)=S(x)-S,(x).

Onpenenenue. OyHKUMOHAIBHBIN psal (17) Ha3pIBaeTcI paBHOMEPHO
cxoagmuMmMcss B obOmacTu X, ecau mig 1oboro &> 0HAUIETCA Takoe
1[ETI0€ TOJIOKUTEIBHOE YHUCIO N = N(¢),4TO TOPHU n > N BBINOJTHSAETCS HEPABEHCTBO

|, (x)| < € st Beex x € X (puc.2). Eciu ke 7151 HEKOTOPOTO & ITOMY YCIOBHIO HEIIb3sI
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YIOBIETBOPUTH IJIS BCEX XCPa3y HM HPH KaKOM N, TO roBopsaT, uto psn (1
00J1aCTH X CXOJUTCS HEPAaBHOMEPHO.
IIpyu paBHOMEPHOM CXOAMMOCTH psjga B 001acTd [a,b|Bce numHMU A, B,,

HauMHasi C HoMepa N(¢), HOMEMATCA UETMKOM BHYTPHU NOJIOCHI A'B'A"B". JTOrO HE

OyJlleT pu HEPaBHOMEPHOU CXOJAUMOCTH.
IT p u M e p. IlokazaTp, 4TO psax

+...CXOOUTCA

PaBHOMEPHO TIPH BCEX 3HAYCHUSX X .
P em e nue. Pag cxonurcs no
npusHaky JleitOHuna limzn; =0.

now x4+
CrnenoBaTenbHO, OCTaTOK OIEHWUBAIOT C
MOMOIIBIO HepaBeHCTBA |r, (x) <|u,., (x)|,

1 1
r(x) < < ,VX.
() D epn+l n+l

T.C.

<eg.

Pemum HepaBeHCTBO
X n+1

Nmeem nzl—l, B35B N(g)zl—l,
& &

MIPUXOOUM K HEPABEHCTBY |rn (x)| <ég.

Puc3:AB — rpaguk cymmeI .
S(x) psija, CXOAIIErocs B JlenCTBATENBHO, PSJT CXOAUTCS PaBHO
obnactu [a, b]; A,.E,, - MEPHO

rpaduxk S, (x)

[Ipuszunak Beliepmtpacca. Eciuunensl pyHkuunonanbHoro psaa (17)
YIOBJIETBOPSIIOT B 00JIACTH X HEpaBeHCTBaM |u, (x)|<C, (n=123,.), (19)

rac Cn - YJICHBI CXOAAIICTOCA ITOJIOXKHUTCIIBHOT'O YUCIIOBOI'O psaga

>C,=C+C,+Cy+..4+C, +..., (20)
n=1
To psia (17) cxogutes B X paBHOMEPHO.
[Tpu nanuuuu HepaBeHcTBa (19) roopsr, uto psin (17) MmaxxkopupyeTcs
psanom (20) uu psia (20) ciiykuTM a K O p a HT H bI M psiiom s (17).
ul O o Cosx Ccos2x cos3x n COS X
P # M e p. QYHKUHOHANBHBIA PAN ——5=+—7—=——3 +..+(=1) .
PAaBHOMEPHO CXOAUTCSH B HMPOMEKYTKE (—o0,00), T.K. €r0 YIEHBI IIPU JIOOOM xHE

MMPEBOCXOAAT 110 a6COHIOTHOMy SHAYCHUIO COOTBCTCTBYIOHIUX YJICHOB CXOJAIICTOCSA

1 1 1 1
TTOJIOKUTECIIBHOI'O YUCIIOBOI'O pﬂzxa - +—+—+...F+t—+....
12 2% 32 n’
OCHOBHBIE CBOMCTBA PABHOMEPHO CXOSIIUXCS PSJIOB
N3BecTHO, YTO CcymMMa KOHEYHOTO 4YHUCJIA HENPEPBIBHBIX  (YHKIIUI-
HernpepbiBHA. CripaBeIIMBO JIM TOJI00HOE YTBEPKIECHUE U JIs cliydasi 0ECKOHEYHOTO

qycia cliaraeMbix?
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1. Ecnu ¢yHKUMOHANBHBIM psAJl U3 HEOPEPHIBHBIX (PYHKIUN Ha -\
PaBHOMEPHO CXOAMTCA Ha (a,h), TO M CyMMa €CTh HelpepbiBHAsS GYHKIMA Ha (a,b). H

N3BecTHO, 4TO MHTErpal OT CyMMbl KOHEUYHOIO0 MHOXKeCTBa ()YHKIUMU paBeH
CyMME HHTETPajioB OT OTIEIbHBIX CJaraéMblX, T.€. TaKyld CYMMY MOXHO
MHTETPUPOBATh MOUYWICHHO. BO3HUKAET KellaHhe MEepPEeHeCTH 3TO MPABUIIO HA CYMMY
O0eckoHeuHBIX psioB. Ho Bcerma mu 3To BO3MOXKHO?

2. PaBHOMEPHO CXOSAIIUICS Pl Ha (a,b) MOXKHO MMOYJIEHHO HHTETPUPOBAT.

Bomnpoc o nuddepentinpoBannu psjia peraercs Tak.

3.Ecin  QynkuuoHanbHeld psax (17) cxomurcs B OpPOMEKYTKE (a,h) W
MIPOU3BOJIHBIE €0 YJIEHOB HEMPEPHIBHBI B 3TOM MPOMEXYTKE, TO psiA (17) MOxHO
MOWICHHO JuddepeHupoBaTh NPU YCIOBUU, UTO TOJTYUEHHBIN Psif

u (x)+uy(X)+..+ul (x)+... (21)

OylleT paBHOMEpPHO CXOISIIMMCS B JaHHOM mnpoMexyTke. Cymma psiga (21) Oyner
MPOU3BOIHOM OT CyMMBI psina (17).

§11. CrenenHsblie psAAbIL, KX CXOAUMOCTh
Onpenenenue. CTeneHHBIM D 0M Ha3bIBaeTCs (PYHKIIMOHATBHBIN

pAll BUIA:
a,+a(x—a)+a,(x—a) +..+a,(x—a) +..., (22)
T€ a,,d,,d,,d,,....d, ,...- IOCTOSIHHbIE, Ha3bIBa€Mble KO3 PULMEHTAMU psiaa; a- J000e
YUCIIO.

IIpu a = 0 umeeMm
a,+a,x+a,x’ +..+ax" +... (23)

Bynem onepupoBath psgamu Buaa (23), T.k. nepexon ot (22) k (23) cBogutcs K
MOJICTAHOBKE x—a =Y.

Teopema A 0ens Eciu crenennolt psa (23) cxoauTcs: B KaKo- U060
TOYKE x,, TO OH CXOAUTCS aOCOJIOTHO M PABHOMEPHO TMpU JOOOM X,
YZIOBJICTBOPSIOIIEM HEPABEHCTBY |x| < |x,|.

JNoxaszartenscTtTB o. [lycth x,- Touka cxonumoct psiaa (23), To

YHCIIOBOU  PSAI  a, +a,xX, + a,x, +...+a,x, +...= Zanxg cxomutcsa. B cuiy  3TOro
n=0

. .
lima,x, =0.

n—0

Orcrona ‘anxg <M,Vn. (24)
[Tonoxum |—| =gq, (25)
Xo
T. K. x| <|x,|, TOo ¢ <1.

Jlns o6mero wnena psga (23), cornacHo (25) u (24), umeem

n
n X

n
a,x"|=l\a,x, =|anx0| q" <Mq".

0
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A psanc O6HII/IM YIEHOM Mg"TpHu ¢ <1CXOAUTCS, MMO3TOMY COTJIACHO MPU3 - ¥

ax

PaBHOMEPHO IIPU |x| < x|
CrnenctBus u3 TeopeMbl AGens.

1. Eciut x, - TOUKA CXOAMMOCTH, X, # 0, TO OTPE30K (- x|, |)CHJ’IOHJB COCTOMT

13 TOYEK a0COTIOTHOU CXOAUMOCTH.
1. JIiust KaKI0ro CTENEHHOTO Psifa CYIIECTBYET ONPENEIEHHOE YKCIO R > 0,
410 psift (23) aGCONIOTHO CXOAUTCS IPH |x| < R U PaCXOAUTCS IPH |x| > R.

Uucno RHa3piBaeTCs paJUyCOM CXO UM O CTH. Eciu psij CXOIUTCS B
€IMHCTBEHHOM TOUKE x,, TO R =0. Eciu psin cxoauTcs mnpu ar000oM x, TO R =oo.

2. O6nacTh cX0aMMOCTH psina (23) ecTh IPOMEKYTOK (- R,R), TA€e R - pamuyc
cxoguMocTh. Ha KOHIAx mpu x=-R M x=RBOOPOC O CXOAWMOCTHU DPEILIAECTCS

OTACJIBHO B KaXIAOM KOHKPCTHOM Cly4ac. BOHpOC 0 HaxOXJICHHWHN paJanyca
CXOOUMOCTH psiaaa pC€IacTCAa TaK:

=p#0,TO R:l.

: an+1

€CJIM JJIS cTeneHHoro psna (23) cymecTByer lim/—=-
n—>00)

P

n

CocrtaBum psii U3 a0COTIOTHBIX BEJTUYUH YWICHOB psia (23)

2 n
|ao| +|ay x| +]as| A"+

[Ipumenum k Hemy npusHak Jlanambepa

n+l

Mn 1 n 1||x _ n l|
n—)wu_:l N f11—>oo +n n N }1—)00 |a+| |x| p|x|
Torpa psn (23) cxoaurest s BCEX x, IS KOTOPBIX lim T”+i| = pl| <1,

1 1 1 1
T.e. |f<— u psag (23) pacxomures amst |x|>—. CnexoBartenbHo, |-—,— |eCTh
p p pp

1
MHTEPBaI CXOOUMOCTH, & R =—.
Joj

AHaJNOTrM4HO, MOKHO MOKA3aTh, IPUMEHSIS paIUKaIbHbIN Npu3Hak Komwu, uro

lim 7/ an|
n—»0

2 n—1

) X X
ITp u M e p. HaliTu 065acth cXOQUMOCTH psijia 1+5+?+...+ +....
n
1 1 . n+l
Pemenwune a,=—,a,, = ,R =lim =1.
n n+1 noep

CrnenoBaTenbHO, HHTEPBAJ CXOAUMOCTH (—1,1). Hccnenyem cxoauMoCTh HA TPaHULIE:
I 1 1 1 1 1
npu x = —-1psaa 1—§+§—Z+...CXOI[I/ITC$I, npu x =1psng l+§+§+z+...paCXOI[I/ITCH.

Takum 00pa3oM, 00JaCTHI0 CXOAUMOCTH SBJIAETCS OTPE3OK [-1,1).
3x 32 3"x

IR ERR N

ITp uw™m e p. Halitn pagnyc cXoQuMoOCTH psija
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P e m e H u e. Ha ocHoBanuuM panukaibHOro npusHaka Komm Mo
YTBEPIKAATh, YTO CTEIIEHHON psif OYAET CXOAUTHCS a0COTIOTHO JUIS TeX 3HAYCHHH .-

JUIA KOTOPBIX  lim #/ju |:1imn _” :M6yz[eT MEHbIIIE €IHUHHIIBI, T.C. Md WU
e V=0 2 ’ V2
J2
xf <=
3

2
CrenoBaTenbHO, pailyC CXOAUMOCTH JAHHOTO psia R = B
o -2 -2)? -2)"
ITp u M e p. HaliTu 0651acth cXOOUMOCTH psijia o & 2) +...+u+
1-2 2:2 n-2"
(x _ 2)n (x _ 2)n+1
n-2" (n+1)-2m°

Psn Oyner cxoauThes aOCONIOTHO IS T€X 3HAYEHWH, I KOTOPBIX HMMEET

MECTO HEPABEHCTBO

Pemenue. 3aech u,(x)= y Uy (X)) =

n+l

un+1(x)| L |x—2 n2" |x—2| -1
>, (] =" (n 12" 4
lx—2|<2. Otcrona, 0<x<4.

, T.C. OJId 3HAYCHUM X, OJId KOTOPBIX

11 (~1)" y
I[Ipyn x=0 nomydyum psn —1+5—§+...+—+..., CXOISIIIUKCS B CHIIy IPHU3HAKA
n

o o o 1 1 1
Jletionuma. Ilpu x = 4 UMeeM rapMOHUYECKUN PACXOISAIITUNACS P 1+ PRERE R

n
OTBerT. [04)

§12. [leiicTBHS CO CTENEHHBIMH PSAJAMH
1. JlBa cxXomsfumuxcs CTENEHHBIX pAla C paguycaMH CXOJUMOCTH
COOTBETCTBEHHO 7, U 7, MO’KHO MOWJICHHO CKJIAJIbIBATh, BBIUUTATH WA MIEPEMHOKATh
M0 MPABUIY YMHOXEHUSI MHOTOWICHOB, MPUYEM PaJIUYChl CXOIUMOCTH MOIYUYEHHBIX
PSAZIOB HE MEHBIIIE, YEM MEHBIIIEE U3 7, U 1, .
2. Ecnu nBa cxopsuuxcsi psiia UMEIOT OJMHAKOBBIE CYMMBI M 00JIaCTH
CXOJIMMOCTH, TO KOA(DPUIIUEHTHI STUX PSJIOB PABHBI.

OCHOBHBIE CBOMCTBA CTENEHHBIX PSIOB

1. Ecin (-R,R)- 006macTh CXOAMMOCTH CTENEHHOTO psiga » a,x", TO pAf
n=0

CXOJMTCS PABHOMEPHO Vx € [a,b]e (- R,R).

2. CremeHHOH psT Y a,x” MOXKHO HOYICHHO au(depeHIupoBath M
n=0

WHTETPUPOBATH B 00JACTH CXOMMOCTH.
§13. Panpr Teitnopa u Makinopena

Hawm Temneps M3BECTHO, YTO CyMMa CTEMEHHOIO Psifia B MHTEpPBaJie CXOJUMOCTH
ATOTO psifia SABISETCA HEMPEPbIBHOW M OeckoHeuHO nuddepeHnnpyeMon QpyHKIHEH.
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WN3yuum oOpaTHyro 3a1ady: Kakvue (yHKIHUH U B KAaKUX OOJACTAX MPEIICTABHUM Nt
BHJIE CYMMBI CTETIEHHOTO psifa’?
[lycte crenenHoit psan (22) cxoautcs K GyHKUMH f(x). O003HAUUM paguyc

CXOJMMOCTH 3TOro psifja uepe3 R. Torga ans Bcex 3HAUEHUM x, YIOBIECTBOPSIOMINX
HEPABEHCTBY |x—d| < R, IMEET MECTO PaBEHCTBO

fx)=a,+a,(x—a)+a,(x—a) +..+a,(x—a)" +..., (27)
npudeM, QyHkusa f(x)O0ylner HenmpepblBHOW U OeckoHeuHO AuddepeHupyemoit Ha
HHTEpBaje |x - a| < R .YCTaHOBHUM 3aBUCUMOCTb MEXIY f(x)u KodhduimenTamu psaa
(22). Ilonoxum B (27) x =a, nonyuum f(a)=a,.

3aTeM mnoclienoBarenbHo AuddepeHIupyst paBeHCTBO (27), U KaxIbld psij

noyarasi x = a, HOJIy4luM

f'(x)=q, +2a2(x—a)+3a3(x—a)2 +4a4(x—a)3 +...+nan(x—a)"7l + s

= f'(a),
1"(x)=2a, +3-2a,(x—a)+4-3a,(x—a) +..+n(n-Da,(x—a) " +..., ["(a)=2a,,
_f"(@)
o

f"(x)=3-2a;+4-3-2a,(x—a)+...+n(n-D(n-2)a,(x—a)" +..., f"(a)=3a,,
_ /") P AO)
=, a, = .
3! n!
[ToncTaBum HaiiieHHbIE 3HaUYCHUS KOA(DPULIIMEHTOB B (27), MOITyYuM

()= ﬂ>+f(N yi%@@_@umﬁifgywwyﬁw (28)
! n.

CTGHGHHOI/I psan (28) Ha3piBaetcst paagoM Telnmopa QyHkuuu f(x), K
KoTopoil oH cxoautcs. Ecnu B (28) a =0, To psan Teinopa GpyHKUUK f(x) HPUHUMAET

" (n)
BUI f(x)=f (0)+f (0) f 2('0) : f—'(())x”+..., 1 Ha3LIBAETCS
n.
paAaaoOM MaKnopeHa(byHKuHH f(x).
Heo6xonuMo 0cob0 oOpaTuTh BHHUMaHHE, YTO TMPHU BbIBOJE (GopmMyisl (28)

MPEANOJaraaoch, 4to psas (27) cxoautcs K GyHKIUU f(x) U 3TO MO3BOJIUIIO BBIPA3UTh

kod(ppunmentsl psga (27) yepe3 3HAUEHUS MPOU3BOAHBIX (DYHKIUMU f(x)B TOUKE
X=a.

Ecnu nexkotopast pyHkIus f(x) *MeeT MPOU3BOJAHBIEC BCEX MOPSIKOB IPU X =a,
TO MBI (OpMaIbHO cocTaBUM psif Telnopa 3Toi GyHKIUU

1~ ft@+HD (- a)+ LD 2@ gy ..
n

31ech MOCTAaBWIM 3HAK ~ MEXAY f(x)U €e POpMabHO COCTABIECHHBIM PSOM

—a) +..+

Telinopa, T.K. 3TOT pAl MOXET HE CXOIUTHCA K (YHKIHUH f(x), OH MOXET OBITh

PACXOIAIIUMCS UITU MOXKET CXOJIUTHCS K IPYyrod (QyHKIUU.
[Tpumenp.

f(x)= e“‘ x#0,
0 ,x=0.
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Bce npousBosiHbie 3TOM (DYHKIIMU B TOUKE x = 0 paBHBI HYINIO. JlelicTBUTES.
1

1 2

f'(x)=%e7npn x#0H f'(0)=0, T.K. lirr(l)f(x)_f(o):lime ~ —lim-— =0
x X—>

X x>0 x t—o et

(moNoXKMIH 1 t).
X

AHAJIOTMYHO, MOXHO yOemuThbcs, 4to f"(0)= f"(0)=..=f"(0)=0u T. 1.
CnenoBarenbHo, Bce kodhduuuentsl Teinopa ¢yHkuuu f(x)mpu x=0 paBHbl 0.

CootBercTBytomuii psaa Teinmopa COCTOMT W3 YIEHOB, PAaBHBIX HYJIO, 3HAYUT
CXOJIUTCS, HO HE K AaHHOU (QYHKIHUHU f(x), a K PYHKIUU TOXKIACCTBEHHO paBHO 0.

BrisicHuM mnpu Kakux yCIOBHUSX cyMMa psiga Teitnopa gaHHoOM (QyHKUIMH
COBMAAAET ¢ (PYHKIHMEH, 111 KOTOPOM 3TOT Psi/i COCTABJIEH.

Hanmomuum, 4to GyHKIMSA, KOTOpask UMEET B HEKOTOPOHl OKPECTHOCTU TOUYKHU
X = a TPOU3BOJHBIE JI0 (n+ 1) MOPsAJIKA BKIIOUUTEIHHO, MOKET OBITH MIPEACTaBIEHA MO

dbopmyne Teitnopa
f(x)= f(a )+f( )( )+%(x—a)z+...+L'(a)(x—a)"+Rn(x), (29)
! n!

AN

Gy O e

rae R, (x)- ocrarouHblid wieH ¢Gopmynsl Teinopa, R, (x)=

HEKOTOPOE CpeIHEE 3HAUCHHUE MEXKIY aU X.
T eopewma. Juga toro, uroOsl OeckoneyHo auddepenHuupyemas GyHKIuUs
f(x)B OKPECTHOCTH x =g pasziiarajach B psa Teinopa HEOOXOIUMO M JOCTATOYHO,
YTOOBI
limR (x)=0. (30)
n—0
[ycts Gyukuus npeacrasuma psigom Teiinopa (28) B uHTepBane |x—d/ <R . U3
€ro CXOJMUMOCTH CJIEIYET, YTO OCTATOK psJia

(k)
=31 a_ay

k=n+1 k'

CTPEMHUTCS K HYJIIO OpU n—>, T.€. limr (x)=0. Popmyna Teinopa ans f(x)B

OKPECTHOCTU TOYKH x =0 uMmeeM BuA (29). CpaBuuBas (28) u (29), 3aMeuaem, 4To
R (x)=r,(x), cIeHOBATEIIbLHO, limR, (x)=0.

[TycTs Tenepp BoinosiHeHO ycnoBue (30), T.e.
*)
lim R, (x) = lim| f(x) - zf k'(“) (x—a)* |=lim[f(x)-S,(x)]=0
k=0 ! e

CMbICH 3TOr0 paBEHCTBA B TOM, YTO PA3HOCTh MEXAY (QYHKUMEH M YaCTUYHOU
cymMon S, (x)u ee psaa Tennopa CTpEMUTCS K HYJIIO MPA 7 —> 0, YTO O3HAYAET, YTO

psn cxoautces K PyHKIUU f(x) .

§14. Pazjioxkenue (pyHKUMIA B CTENICHHOH PsJ
Pa3noxute QyHKUMIO f(x)B CTENEHHOW pAJNl, PACHOJOKEHHBIA MO CTENEHIM

(x—a)- 3HAYMT COCTABMTH paAn BHAA a,+a,(x—a)+a,(x—a) +..+a,(x—a)" +....y

KOTOPOTO pPaguyC CXOAMMOCTH HE PaBEH HYNI0, a CyMMa TOXAECCTBCHHO paBHA
JaHHOW (DYHKIIMM BCIOJly BHYTPU MIPOMEKYTKA CXOJIUMOCTH.

22


http://www.abbyy.com/buy
http://www.abbyy.com/buy

Econ pasznoxenuve ¢QyHKinuM B Kakoh- MO0 CTENEHHOM psii  BOG!
BO3MOKHO, TO OHO SIBJISIETCS Pa3JIoKEHUEM UMEHHO B psij Telopa.

IMycts f(x)=C,+C,(x—a)+C,(x—a)’ +..+C,(x—a)" +..., (31)
rjie CTOSIIUIA CIIpaBa PA CXOAUTCSA B HEKOTOPOM CErMEHTE [a—R,a+ R| Xk QyHKIUM
_["@)

f(x). Torga stot psn saBusieTcs psaoM Teitnopa, T.€. C,
I’l.

[Ipumenum x (31) «n» pa3 TeopemMy O mouwieHHOM aud@epeHIUpOBaHUU
CTEMEHHOT0 pAJia, MOTYyYUM
(n+2)!

row=nc, + e -a+ .

[To0XKUM X = a, MOKHO PEKOMEH/IOBATh CIICAYIOIIHMIA MOPSI0K AEHCTBHIA:
1. Haiitu mpousBogubie f'(x), f"(x),..., f " (x),...,
Breraucaute f'(a), f"(a),..., f " (a),...,
CocraButh (hopmanbsHo psjg Teinopa,
Haiiti 06;1aCTh CXOMMOCTH MOJYYEHHOTO Psifa,
JlokasaTh, 4TO B OOJACTH CXOIMMOCTH OCTATOYHBIA WIEH PaBeH HYJIO, T.€.
imR, (x)=0.
s

C,.,(x—a)y +...

A

[LPasznoxenue B psasag Maxknopena pyunknguu e .Jus
paznoxeHus QyHKIMH e*B pan MakiopeHa HaxoguM IMOCJEeA0BaTEIbHbIE
MPOU3BOJHBIE W 3aTeM 3HA4YeHHS (YHKIUMU U €€ MNPOU3ZBOAHBIX ISl x=0:

f(x) :exaf'(x) = exa"'af(n)(x) =e’,
fO)=f'(0)=..=f"0)=1.

[To hopmyne Maknopena nmeeM

n+l

X
(n+1)!

e ; EHAXOIUTCS MEKIY OH

x 1 1 2 1 3 1 n =
e —1+1!x+2!x +3!x +...+n!x +R,(x), TOC R, (x) =

CocraBum psg MaknopeHna s e*

1 1 , 1 ;4 1,
l+—x+—x"+—x"+...+—x"+....
1! 2! 3! n!

[Tonp3ysice npusHakoM JlanamOepa, umeeM

wol

lim——-

= O,R =00, HOBTOMY JJ11 BCEX 3HaquI/Iﬁ X
n—0 |M | n—>0 (n+1)| n—)oan+1

n+l

. X
lim =
> (n+1)!
(HeoOXOAMMBIN PU3HAK CXOJIUMOCTH YHUCIOBOTO PAJia) U, CIIE0BATENBHO,

n+l

e* =0

1 R = lim
lm (X) n—»0 (n +1)'

2 3 n
Urak, e =1+>+°—+2 4., +—+ (= o0,00).
no2r 3 n!

2.Pa3noxeHue CHHYyCa UM KOCUHYCa.
3 5 7 2n+l1

sinx=x——t+ -y () .., (—o0,),
35 7 2n+1)!
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x4 x6 xZn

+———+..+ (="
4 6 (2n)!
[Ipumeuanne. OcoOeHHOCTH pasiaraeMol (QYHKIUUA OTpakaloTcsi M Ha
CBOMCTBax €€ psaa. Tak, sinx- HEYETHAs, a CcoSx- YETHas, COOTBETCTBEHHO
MOJIy4aeM, UTO PSiJ JUIsl sin x COCTOUT JIMIIb U3 HEYETHBIX CTETIEHEN x, a I cosx - U3
OJIHMX JIUIIb YETHBIX CTETICHEN x.
3.buHoMuHaNbHBU pax (aeR,ax0)
(1+x)* =1+Zx+ 05(0‘2'_1)x2 G —13)'(05 "D, oD _2)"""(0‘ —nED oy

+..., (—0,00)

|x| <1
[Ipumeuanue. Paznoxenue Gpynkuuu B paa Teitnopa (win Makinopena),
BOOOIIIE TOBOPS, JOJKHO COMPOBOXKIATHCS UCCIETOBAHHEM TOTO, UMEET JIK MECTO
PaBEeHCTBO limR (x)=0, T.K. TOJBKO TIIPU €ro BBINIOJIHEHHH psAx Teinopa,
n—0

COOTBETCTBYIOIIMM JaHHOW (YHKIMH, CXOIUTCS K Hel. MccienoBanre ocTaTOUHOTO
YjieHa 4acTo ObIBaeT 3aTpyAHuTeNbHO. MHOTAA yaaeTcs oOOWTH 3TH 3aTPYIHEHUS Ha
OCHOBAHUU TEOPEMbI €IUHCTBEHHOCTH Pa3I0KEeHUS PYHKIHUH B CTeTIEHHOW psi. Jlis
ATOTO UCIOJIB3YIOT U3BECTHBIC PA3JIOKEHUSI B KOMOMHAIIUK C MPABUJIAMH CIIOXKEHHUS,
BBIYUTAHUS, YMHOXEHUS PSAJOB U CBOWCTBAaMH 00 HMHTETPUPOBAHUM U
mudPepeHIMPOBAHUN CTETICHHBIX PSJIOB.
4. Paznoxenue norapudwma Umeem
1 2 n
—=l+t+t"+...+t"+...,
-1t
[TowieHHO UHTETPUPYS, TOTYUUM

f|<1

x x x x X 2 3 n
Ji:_([dt+_[tdt+_([t2dt+...+_([t”dt+... uimd —In(1-1)[) :x+%+%+...+x—+...,

0 0 n

ln(l—x)=—x—7—?—...—7—.... (32)

3aME€HUM B 3TOM PA3JIOKEHUU x HA (—x), IOTYy4YUM

2 3 n
In(1+x) = x =+ =+ (1) Tk < 1. (33)
2 3 n

Boruucnsiga nounenno (32) u3 paBenctna (33), noiayuum

3 5 x7 1

3 5
1n(1+x)—1n(1—x)=2(x+%+%+7+...), s 4

x7
=x+—+—+=+..,
3 5 7

—In
2 1-x

S5. Paznmoxenue B psana arctgx. ECIU B TEOMETPUYECKON POTPECCUU

x|<1.

1
=1ttt A

<1,

1-¢

(—f) 3aMEHHUTB Yepes3 ¢°, TO MOIYIUM PAL:
1

1+¢°

1| <1. TIpouHTErpHpyeM 3TOT PsA B MPeAeax oT 0 40 X, [Ae x| <1, momydnm

=1-t> 4+t =t 5 -+ (=)'t +..., CXOOAIMIUHCS IS M <1, cieaoBaTeIbHO, U

T dt2 = jdr—jtzdu jt“dr—jtédt+...+(—1)”Tz2"dz+___,T_e,
o 1+ 0 0 . 0 0

3 5 7
X X x2n+1

arctgx=x—— 4+ +(-1"
s 35 7 2n+1
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Ha rpanunax uaTepBana cXoaumocCTH,
1 1 1 1 1 1 1 1
opu x=1: 1-—+—-——=+——.., OIpA x=-1: —l+—-——+———+..,
3579 35 79
MOJIyYECHHbIE 3HAKOUEPEIYIOUIMECs] YHUCIOBBIE Psiibl CcXOAsATca (MO MPHU3HAKY

JletiOuuma). CrenoBaTeabHO, CIPABEIJIUBO PA3I0KEHHUE
3 5 7 2n+1

arctgx =X ——+-———+ +(—l)”x
s 3.5 7 7 2n+1

6. PaznmoxeHue arcsinx. UToOBI pa3noxuTh arcsinx B psax MakiopeHa,
BOCIIOJIb3YEMCS TEM, YTO €0 IPOU3BOIHYIO

’ 1
(arcsinx) = o = (1 —x? )’E
1-x?

+..,[-11].

pa3I0XXuM B OMHOMHAIbHBIN pan
(1+¢)" = 1+g-t—a(a _1)-t2 _ala-1a _2)-t3 +
1! 2! 3!

f<1

1 2
[lomaras o = - U t=—x", HIMECEM

+ T x|<1,
1! 2! 3!
WJIY TIOCTIE YIIPOIIICHUS
2 —
;:1+x—+£x4+...+1 3. (2n 1)x2”+..., x|<1.
2 2 2.4 2:4-..2n

[IponHTerpUpyeM HAMMCAHHBIN PsII B Ipeaenax oT 0 mo x (|x<1), moxyaum

¢ dx [ X’ 13,
———=|dx+ |—dx+|—x"dx+...+, T.€.
'([\/l—x2 '([ '([2 '([2'4

. 1 ¥ 13 x 1.3:5 x’
arcsinx =x+—-—+ —+ .
2 3 245 2:4.6 7
1 x* 1-3 x* 135 &7 1-3-..-2n—1) x*!
— T+ — it :
2 3 245 246 7 2:4-...-2n 2n+1

MosxHO yOeIUTbCsl, UTO HA FPAHMUIIAX UHTEPBaja COOTBETCTBYIOIINE YHCIIOBbIE

psaabl OynyT pacxomsmumucs. llpuBeneHHble pa3noXkeHus, a TaKKe MHTEPBAIbl UX
NPUMEHEHUS! CJeAyeT IOMHUTh, T.K. MHOTME JApyrue (QPyHKIUU MOTYT OBITh

Pas3102KCHEI B pAAbI C KX IIOMOIIBIO.

+..

. X
arcsmx=T+ x|<1.

§15. HekoTopbie npuMeHeHHs CTENEHHbIX PS/I0B

1. IlpubnukeHHOE BHIUUCICHUE 3HAYECHUN (PyHKIIHIA
[lycTh n3BeCTHO, YTO PYyHKIHUS f(x) B OKPECTHOCTH TOUKU x Pa3jiaraercs B psij
Tetimopa. Torna nmpuOIMmKEeHHOE 3HAYEHUE f(x) B JIOOOH TOUKE 3TOM OKPECTHOCTH
MOXKET OBITh BRIYKMCIICHO 110 YACTUYHON CyMMeE 3TOr0 psia. Bo3HHUKaIONIYI0 TPU 3TOM
OomMOKy MOXHO OILICHMBATh JUOO 3amucaB OCTAaTOYHBIM uieH B gopmyine Teinopa,
nu00 HEMOCPEJCTBEHHO OIIEHMBas OCTAaToK psga. Ha mnpakTtuke oieHka psiaa
OKa3bIBaeTcs Oosiee yA00HOH, T.K. UCMOIB30BAHUE OCTATOYHOTO WICHA MPEANoiaract
3HaHUE TMPOU3BOJHONU HYXKHOTO MOpSAKAa. A 4acTo yJOoOHO MOJy4yaTh Pa3liOKEHUE
(YHKIMU B psiibl, HE OTHICKUBASI MPOU3BOAHBIE ATUX (DYHKIUUA, a MPUMEHSISI TOTOBBIC
Pa3IOKEHUS.
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I1p uM e p. Beraucnuts e ¢ TOYHOCTHIO 10 107,
Pemrenwue. [{ng 1:000ro x ”MEET MECTO pa3ioKeHUE

; X xZ xn xn+l
e =l+—4+—+...+—+ +
2 nl (n+1)!

1 2 n—1
[Tpun x:l HMEEM eZ:\/Z:1+l-l+ 1 -l+...+ L - +...
2 21 \2) 2 2 (n=1)!

OI_[eHI/IM INOTPCUIHOCTD HpI/I6J'II/I)KCHI/IH C IOMOIIBIKO OCTAaTOYHOI'O YJICHA, HMCHHO

£
Rn(x):e—'x”, rae & JeXUT MeXAy 0 U x.
n:

n!\ 2
JU1 TOCTH>KEHHsI HYKHOM HaM TOYHOCTH, OTpeOyeM, 4TOObI |R| <107,

5 n
[Tpn le MeeM R”l _<(L , 0<§<l.
2 2 2

1
3 - 3 e? e 3
o 2%.pl 2%l 2%l 2".p

(B umcnuTele HCHOJb30BAIU

n

Nmeem |R

HEPABEHCTBO e’ <e<3).

3amedaeM, 4TO, HaunHas ¢ n=>5,|R,|<107.
. 1 _
JeictButensHo, |Ry|=-——<10".
1280

CrenoBaTenbHO, JJISI BBEIYMCIICHUS Je ¢ TpeOyeMoil TOYHOCTHIO HAAO0 B3STh
n=>5;

1 1 1 1
Jerl+—+ + + +
22 2%.20 2°.31 2041 273

TOYHOCTBIO 10 107*).
ITp u M e p (mapamokc). JIro60e MONMOKUTETLHOE YHCIIO PABHO OTPHUIIATEIbHOM
OCCKOHEYHOCTH, JIt000€  OTPULATENbHOE  YHUCIO  PAaBHO  MOJOKUTEIbHOU

OECKOHEYHOCTH.

~1,648, (Bce ciaraemMble Haao OpaTh C

1

= (l-a)' =l+a+d’>+a’+.. Opu  a=3  MOIy4YHM
—a

U3 psnga
—%=1+3+32+33+...=oo, a U3 psaga —%:—(l—a)l =—(l+a+a’+a’+..) IpA a=3
—a

MOJIYYUM %:—(1+3+32 +3° +.)=—w.

Heo0xomumo IPUHUMATh BO BHHMAaHUE 001aCcTh CXOIUMOCTH psina. ImeHHo,
1
l-a

=1+a+a’ +a’ +... CIPaBETHBO TIPH |d| <1.

2. WurterpupoBanue GyHKIUN

Ilycts Hamo HalTH wHTErpan F(x)= _[ f(®)dt, mpuueM HU3BECTHO Pa3JIOKECHUE

MOABIHTETpAIbHON (QyHKIMHU B psii MakiiopeHa, npeaelibl MHTETPUPOBAHUS JeXKaT
BHYTPH MHTEpPBaia CXOAUMOCTH psiaa. Toraa uMeeM MpaBo UHTETPUPOBATH MTOYIEHHO
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3TOT psina. B pesynbrate momyuutcs pan Teinmopa st QYHKIUU F(x) C TeM Y

PaguyCcoM CXOIUMOCTH, YTO U PAJT ISl MOABIHTETPAIbHON QYHKIINU [ (7).
1

2
IT puw™me p. Beruucauts j Heonpenenenuslii HHTErpan BeIpaXaercs B

s

o L+ x
dx 1 X +xd2+1 A2 X2
AJIEMEHTAPHBIX PYHKIHIX I1+x4 = 4\/51nx2 _x\/§+1_7aragﬁ+c'

OTO BBIpAKEHUE Maylo yIOOHO sl BbluMcieHuM. llomcuntaem NaHHBIA WHTETpal

npuOIMKeHHO. Pa3nokuM noAbIHTErpaibHYI0 PYHKIHIO B PST
1

1+x*

KaK FreOMETPUYECKYIO ITPOrPECCHIO CO 3HAaMEHATeeM — x*, TIOJIYIHM
1

'z[dx 1 [1)51 [1)"1
=——|=| =+ =] =—....
J1+xt 2 \2)572) 9
OrpaHI/I'—IHMCH I[BYMSI qJICHaAMHU prI[a, TOraa HOHy‘—II/IM
1

P 5
| dx4 =1—[1j 1 04938,
J1ext 2 \2) 5

[Ipu sTOM omIKMOKa HE MPEBOCXOUT TPETHETO WiICHA

9
(lj 1 0.0002.
2) 9

=1-x*+x¥—x"+..,

3. IlpubnuxeHHoe uHTErpupoBanue TuQpdhepeHInaIbHBIX YPaBHEHUM

[Tpu momomu paznoxxkeHuit GyHKIUN B CTETICHHBIE PSIIbl MOXHO MTPUOJIMKEHHO
UHTETpUPOBaTh pa3zHooOpaszHeie nuddepeHunanbusie ypaBHeHus. He BmaBasich B
CIOKHBIE TEOPETHYECKHE COOOpakeHUs, U HE KacasiCb MHOTOYHUCIEHHBIX
MPAKTUYECKUX TPUEMOB, Mbl OTPAaHUUYUMCS JIUITh HEKOTOPHIMU ITPUMEPAMHU.

[Ipuwmep l. (mpumenum crocod mocienoBaTeNbHbIX TU(hepeHIInPOBAHMI).
Haiitu mepBble Tpu ujieHa pa3j0KEHUS B CTENEHHOM pSJ YAaCTHOTO pELICHUS
YpaBHEHUSA y" = ycosx+ x, YAOBIECTBOPAIOIIEr0O ycaoBusaM y(0) =1, y'(0) = 0.

P e w1 e H u e. Perenue umiem B Buae psaa Makiiopena
)(x)z)(0}+yT?)x+fy§?)x24—y2P)x3+"q (34)

[lepBble aBa KO3 uUIIEHTAa U3BECTHBI U3 HAYaJbHBIX YCIOBUM, »"(0) Hailgem

13 IaHHOTO YpaBHEHUSI, UCTIOJb3Ysl HAYAJIbHbIE YCIOBUS:
1"(0) = p(0)cos0+0=1, y"(0) =1.
Crnenyromue k03¢pdUIIMEeHTHI HaljeM, npoaoixkas 1uddepeHupoBaTh TaHHOE

ypaBHEeHUE )" =y'cosx—ysinx+1, y"(0)=cos0— y(0)sin0+1=1. IlogcraBum 3HaYECHUSA

2 3
X

! 14 n x
¥(0), ¥'(0), »"(0), y"(0) B (34), momyun™M y(x) z1+;+?-

[Ipuwmep?2. (mpumenum crocod HeompeneneHHbIX KodpduunenTon). Haiitu
peuieHue ypaBHEHHUS y"—xy=0, YIOBJICTBOPAIOIIEEC HAYAIbHBIM  YCIOBUSIM
»(0)=0, y'(0)=1.

Pemenne nmmem B Buae psiga
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y=a,+ax+a,x’ +a,x’ +..+ax" +..

Ha OCHOBAaHUM HAYaJIbHBIX YCIOBUM HAXOAUM a, =0, q, =1.
JBaxxael nuddepeHupyem ps
y'=2a, +3-2a,x+...+n(n—1a,x"> +..
IToncraBnsgemM B JaHHOE YPaBHEHUE BMECTO y U " UX Pa3l0XKEHUs, [1OIy4aeT

TOXICCTBO

2a, +3-2a,x+...+n(n—1a,x""

to=agpx+ax’ +a,x’ +..+a, x"7+.

CpaBHuBas K03)PUIIMEHTHI TPH OJWHAKOBBIX CTETICHIX X, HAXOIUM
a,=0,a,=0,4-3a,=1,...,n(n-1a, =a,,.
1 1
=0, a,=0,q, = .
3-4-6-7-9-10

1
Ilo>toMy a, =—,a.=0,a, =0,a, =———, a
y a, 3.4 6 773 4.6.7° 8

3amMeuaeMm, uTo
1

3.4.6-7-...-3m(3m+1)
[ToncraBnsia HailieHHbIE 3HaUeHUs KO PuLHeHToB B (35), nonyyum

Ay, =0y, =0,0a,,,, =

W T ! 3l
3.47 3.4.6.7 3.4.6-7-...-3m(3m +1)
C nomompto npuszHaka Jlanambepa MOKHO yOEAUTHCS B TOM, YTO 3TOT PSAJl CXOAUTCA
Ha BCEU YHCIIOBOM OCH, 3HAUUT MPEJACTABISAECT HCKOMOE PEIIEHUE MPU BCEX X .
§16. Tpuronomerpuveckue psjabl, UX IPUMEHEHUE

Bo MHOrMX TeXHHWYECKHX 3aJayax BO3HHKAET HEOOXOAMMOCThH MPEACTaBIATH
MPOU3BOJIbHBIE (DYHKIIMU uepe3 NpocTeilliine mnepuoandeckue QyHkuuu. Takue
3a7a4M BO3HUKAIOT B DJICKTPOTEXHUKE: IMPEACTABUTh TOK, HW3MEHSIOIIMUNCS I10
CJIO)KHOMY 3aKOHY [ =I(¢f), 4epe3 IpOCTbIE CUHYCOWJaJbHbIE TOKHU. [Ipumepammu
MEPUOJIMYECKAX TMPOLUECCOB MOTYT CIYXKUATh JIBUKCHUS IIaTyHA W TOPIIHS B
JNBUTATENSAX, SBICHUS, CBS3aHHBIE C PAaCOPOCTPAHEHUEM DJIEKTPOMATHUTHBIX
KOJI€OaHHWI 1 MHOTHE JIpyTHE.

MaremMaTtndyeckum anmapaToM I HMCCIEHOBAHMS TAaKWX 3aJad  CIIy»KaT
TPUTOHOMETPUUECKUE PSABI.

Onpenenenune. TPUTOHOMETPHUYECKHM PAAOM
Ha3bIBaeTCsA (PYHKIMOHAIBHBIN PST

y=x+

a . . .

70+a1 cosx + b, sinx+a, cos2x +b, sin2x +...+ a, cosnx+b, sinnx+.... (36)
a

Yucna ?O,al,bl,...,an,bn,...HaSLIBaIOTCH Kodbpunuentamu psiga(36).

B orauunme OT CTEMEeHHOro psiia B TPUTOHOMETPHYECKOM PSIIy BMECTO
creneHer x : x°,x,x’,...,x",...BBIOpAHBI TPUTOHOMETPHUYECKUE () YHKITUH:

1 . . .
E ,COS X, sin X, cos 2x,sin 2x,..., COS nx,Sin nx,..., KOTOPbIE JOCTATOYHO IMPOCTbI U XOPOIIO

W3YUYECHBI.
B nanpHeiieM Ham TOHA00SATCS paBEeHCTBA:
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Jcos px-coskxdx =

-7

f {O,dﬁé’e‘ p#k;

7w, diiée p =k

f 0,anée p # k;
J sin px - sin kxdx = { a:1~e"e‘p (38)
bt m,anée p =k
Jsin px-coskxdx=0 (39)
Jcos kxdx=0, Jsin pxdx=0, (40)

rAe p U k- IIOOBIE IIeTIbIe YucTa.
YOeauThes B CIpaBeJIMBOCTH STUX PABEHCTB IPEAOCTABUM YHUTATEIIO.

§ 17. Pax ®dypoe, ero cXoaMMoCThb.
Psin (36) yacTo 3amMCHIBAIOT TakK:
a—2°+2(an cosnx + b, sin nx) (41)

n=1
Tak xak unensl psiaa (41) umeroT obmwmi nepuon 7 =2z, TO U CyMMa psaa,
€CJIM OH CXOIUTCS, TAKXKE SBIAETCSA NEPUOJUYECKON (DYHKIIMEH C TEPUOIOM 27 .
Homnyctum, 4to GyHKIUSA f(x) €CTh CyMMa 3TOr0 psja:

f(x)= %) + i(an cosnx + b, sin nx) (42)

n=1
B Takom cimydae roBopsT, uTo (PyHKIUSA f(x) pa3naraeTcs B TPUTOHOMETPUUYECKUI
psza. TIpeanonokum, 4To STOT PsAA CXOAUTCA PABHOMEPHO Ha [-7;7] M onpenenum
ero ko3¢ duimentsl. Tak Kak paBHOMEPHO CXOJSALIMUCS HA OTPE3KE Psii MOXKHO
MOYWIEHHO UHTETPUPOBATh HA HEM, TO

jf(x)dx - ﬂa_zodx + i(an jcosnxdx +b, Tsin nxde .

-7 -

Ho Tak xak _[ coskxdx = _[ sin kxdx = 0 (cm.(40)), TO

-7

T

Jf(x)dx = J%)dx = a—20x =a,m
1 w
Orcrona a, =— [ f(x)dx
4 -

(43)
IlycTh k- HaTypanbHOe uucio. s HaxoxaeHus KodhPUIMeHTa a, YMHOXUM Psij
(42) nowsieHHO Ha coskx . IlomydeHHbIH psin

a = . o
f(x)coskx = Tocoskx + z (an cosnxcoskx + b, sin nxcos kx) B CHJIY CBOHUCTB PaBHOMEPHO

n=l1

CXOISLINXCS PANOB ABISAETCS PABHOMEPHO CXOMAMMMES Ha [ ;7 |. MHTerpupys ero,
MOJTY4YUM

If(x) cos kxdx = az—o Icos fexdx + (an Icos nxcoskxdx +b, Isin nx cos kxde (44)
—r —r n=1

-t -7
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Ho _[ coskxdx =0 Ha ocHoBauuu (40),u BenencTeue paseHcTB (37) u (39) nox 3HAKSR

-7

CYMMEBI OTJIMYCH OT HYJIA TOJIbKO OAWH MHTCTPAJI IIPH n = k:

Jcosz kxdx=r

-

[TosTomy paBeHCTBO (44) 3anumieTcsi B BUAE

[ f()coskxdx = a,x, oTYMA _1 [ () cosordx (45)
4 -

AHaNOru4yHO, YMHOKasi 00€ 4acTh paBeHCTBA (42) Ha sinkx W UHTETPUPYS HA
[- ;7] Ha ocHoBanum pasencts (38), (39) u (40) noxyuum

b, = 1 ]E f(x)sin kxdx (46)
T

Takum 00pazom, eciu nepuoauueckas GyHKIHS f(x) C IEPUOAOM 27 SIBISETCS
CYMMOW PaBHOMEPHO CXOJSAIIUXCA Ha [-7;7] Tpuronomerpuyeckoro psaa (41), to
KO3(PUIHUEHTBI 3TOTO psfa onpeaessitores no gpopmynam (43), (45), (46). Ilo stum
(dbopmyliaM MOKHO BBIYUCIATH Bce KOAD(PUIMEHTHI psia A J000ro HaTypaibHOTO
k. Koapduuuents! psiaa, onpenensiemoie no ¢popmynam (43), (45), (46) Ha3bIBatOTCSA
ko3pPpunuentamn @Dypoe. Tpuronomerpuueckut psan (41), kodPpduULHEHTHI
KOTOpOro ompenensatorcs no dpopmynam (43), (45), (46) nazbiBaetcs psiaoMm Dypbe,
COOTBETCTBYIOIIINM (byHKuI/H/I f(x).

Takum oOpa3zoM, eciau nepuoauueckass (yHKIUS f(x) SBISIETCS CYMMOM
PAaBHOMEPHO CXOJSIIErocsi TPUTOHOMETPUUECKOTO psiia, TO ITOT Psif SBISETCSA €€
panom Dypee.

[Tpu BeIBOSIE hopMmy (44), (45), (46) MBI TpeAnonaraiy, 4to f(x) paszjiaraercs
B PaBHOMEpPHO CXOJAIIUNCS TpuroHoMmerpuueckut psg (41). Ecmu  Takoro
MPEANONIOKEHUS HE JIeNlaTh, a JOMYCTUTh, YTO NI (PYHKIUHU f(x)CYIIECTBYIOT BCE
UHTErpasibl, CTOSIME B MpaBbiX yacTax (opmyn (44), (45), (46), To Mo >TUM
dopMynaM  MOXHO  BBIYUCIUTH  KO3(PQPUUUEHTHl  a,,a,,b, W  COCTaBUTH
TpuroHomerpuueckui psg (41), xortopslid mpencrtaBiser coboil psa  Dypee,
COOTBETCTBYIOIIUM TaHHOU QPyHKIIUH.

SIBngercst Tu MOCTPOEHHBIN TakuM 00pa3oM psan Dypbe CXONAIMIUMCS U €Clu
OH CXOJMTCS, TO UMEEM JIM Mbl IPaBO YTBEPXKIaTh, YTO OH CXOAUTCA UMEHHO K
(GyHKIIUHA f(x), C TOMOIIBIO KOTOPOU BEIYUCIISINCH KOIPHHUITMESHTHI psiaa’?

[TonoOHbIN BOMPOC BOZHUKAJ MTPU U3YUECHUH CTEIICHHBIX PSJIOB.

OxkaszbiBaetcsi, 4To cXOAUMOCTh psina Dypbe K 3a7aHHOW (DYHKIUH UMEET
MECTO JJIsl IIUPOKOro kiacca (PpyHkuuid. JlocTaToyHbie YCIOBHUSI CXOJIUMOCTH psiia
dyphbe, U, CIe0BaTEIBLHO, BO3MOXXHOCTh pa3iioxkeHus GyHKIUHN B psia Dypbe gaercs
teopemoit upuxiie. Ilpexne dem copmynupoBaTh 3Ty TEOpEMy, BBEIEM JiBa
OnpeIeTICHUS.

Onpenenenue OyHkuus f(x)Ha3pBaeTCs KyCOYHO-MOHOTOHHOM Ha

[a,b], ecam >TOT OTPE30K MOMXHO Pa3OUTh HA KOHEYHOE YHCIO OTPE3KOB, BHYTPH

KaXJIOT0 M3 KOTOPBIX (YHKIUS JIMOO TOJBKO BO3pacTaeT, JIMOO TOJbKO YOBIBAET,
100 MOCTOSHHA.
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Onmpenenenuec DyHKIUI f(x)Ha3bIBACTCS YAOBJIETBOPSIC . QA
yeaousim Jupuxie Ha [a,b], ecim: 1) GyHKIHs HenpepsiBHA Ha [a,b] WTH %Ke nMec
Ha HEM KOHEYHOE YHCIIO TOYEK pa3pbiBa MEpPBOro poja; 2) (GyHKIUS KyCOUHO-
MOHOTOHHA Ha [a,b).

Teopema [Iupuxiie (10CTaTOUYHBIE YCIOBUSI PA3IOAKUMOCTH (PYHKUUHU f(x)B
psan Oypoe). Ilycts nepuonnueckas QyHKUUs f(x) ¢ MEPUOAOM 27 YIAOBIETBOPSET
Ha Jo0oM oTpe3ke yciaoBusiMm Jlupuxiie. B Takom ciydae psag  Dypee,
COOTBETCTBYIOIIUMN 3TOM (DYHKIMU, CXOAUTCS BO BCEX TOYKAX 4MCIOBOM ocu. [Ipu
ATOM B KaXKJIOM TOYKE HEMPEpPHIBHOCTU (YHKIUHU f(x) cyMMa psaa S(x)Kaxiaou
TOYKE HEMPEPHIBHOCTU QYHKIUU f(x)cyMMa psia S(x)paBHA 3HAYEHUIO (PYHKIIUHU B
TO TOouke. B Kaxol Touke x,pa3pbiBa (YHKIMKM CyMMa psiia paBHA CPEIHEMY
apudMeTHIEeCKOMY MpeIeNIbHBIX 3HAUCHHUH (DYHKIIUU MIPU x —> x,CJIeBa U CIIpaBa, T.e.

S(e) = lim @)+ lim f(0)].

JlokazaTenbCTBO MPUBOJIUTH HE OyIeM.
ITp u M e p. PynKUIO
0, -m<x<0
J& =1
Pa3lioKUTh B TpUroHomerpuueckuit psg @ypoe. [Hoctpouts rpaduk pynkuuu f(x) u
rpaduK CyMMBbI S(x) TOJyYEHHOTO psa.
P e enue. Pag @ypse umeer Bua

, O<x<rm

a_20 + i(an cosnx +b, sin nx),
n=1

rIe a, =%Jf(x)dx=%_[1dx=l,
- 0

a, =l'[f(x)cosnxdx=ljl-cosnxdx=isin nxl =0,
ﬂ—ﬂ 7Z0 mn 0
b, :l'[f(x)sinnxdx:ljl-sinnxdxz—icosnx :i(l—cosnn):i[l—(—l)”]z
T T m o T m
0, n=2m,
- —,n=2m-1
m

Urak, psa @ypwe 115 gaHHON (QYHKIIUU UMEET BUJT

1 1&1 1 1& 1
—+—>» —[1=(=D)"|sinnx =—+— sin(2m—-1x; —7<x<0H0<x<7x
2 ﬂnz_:‘n[ ( )] 2 7[,,2{2111—1 ( )

Cymma psana S(x) UMEET BHU]
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1
-, X=-T,
2
0, —mT<x<0,
1
S(x)= > x=0, S(x+2m)=S8(x)
1, O<x<um,
1
—, X=7
2

I'paduku pyHkunu f(x) 1 cyMMbI S(x) IOIYYEHHOTO psijia MpeACTaBICHbI Ha puc. 4.

L
L)

A A
f(x)
1 «—> «—> «—>1 «—> «— <«—>
I;ﬁ » I S la ! la g la nl | nl »
1 1€ T | 'Y gl i
-7 0 T —3n —2m—m1 0 I 2 3w 47

Puc.4.

§18. Paznoxenue B psag @ypbe QyHKUUH ¢ IEPHOIAOM 2/.
DTOT ciy4ail CBOAUTCS TOJBKO UYTO K U3y4eHHOMY MaTepuany. [lycts GpyHkums
f(x)ynoBnerBopsier ycioBusM Jlupuxine u umeer nepuon 2/. BBoas HOBYIO

T
NEPEMEHHYIO z C NOMOIIBHO MOJCTAHOBKM z =y MOXHO IOKa3aTh, YO Pl dypbe

g f(x) 6yI[CT HMETH BU/I

&+2[ak cosk—ﬂx+bk sink—ﬂxj, (47)
2 T / /
15 1 km 1 . krm
re a, = [feodx, a = | f(x)cos==xdv, by = | f@)sin="xdx (48)
] -1 -1

§19. Psaab1 @ypbe 17151 Y4eTHBIX U HEYeTHBIX QYHKIMH
BcnoMHUM HEKOTOpBIE CBOMCTBA YETHBIX U HEUETHBIX (YHKIIHIA.
1) IlpousBenennie yeTHOM (YHKIIMU HA YETHYIO WJIM HEYETHON Ha HEUETHYIO,
ecTh (PYHKIUS YeTHas.
2) IIpousBenenuie 4eTHOW PYHKIIMHU HA HEYETHYIO, €CTh (PYHKIIMSI HEUETHAS.

3) Ecru f(x)- getHas, 10 [ f(x)dx =2[ f(x)dx.
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4) Ecnu f(x)- HEUeTHAs, TO _[ f(x)dx=0.

JlomyCTUM, 4TO HY>KHO pa3ioXUTh B psig Pypbe YETHYIO 2/ - IEPUOAUYECKYIO
byukuuio f(x). Tak Kak coskx- yeTHas QyHKIUSA, a sinkx- QYHKIUSA HEYETHAs, TO

f(x)-coskx - pyHKUHMS YeTHAsA, a f(x)-sin kx- QyHKIUs HeueTHas (cBoMcTBa 1) u 2)).
Ha ocnoBanuu cBoiicTB 3) u 4) momyuum, uto Gopmyibl (48) IpUMYT BUJT

1 2
a = J fdv == J f(x)dx,
1 1
a, = % jl f(x) coskT”xdx = % l (%) coskT”xdx,

1
b, =%J;f(x)sink7ﬂxdx=0.

CnenoBatenbHo, psig  Dypbe g dYeTHOH  (QYHKIIMM WMEET  BUJ
a, < km
—2+> a, cos—x.
2 o [

UeTHas QyHKIMA pasziaraercs B psijl 0 KOCUHYCaM.
Ecou tpeOyercs paznoxute B psag DPypbe HeueTHYHO (GYHKIHUIO f(x), TO

f (x)-coskTﬂx— (GyHKIUS HedeTHas, a f (x)-sinkTﬂx— yeTHass QyHkuus (cBoictBa 1) u

1 1
2)). HostoMy a, =a, =0, b, =% | f(x)sinkTﬂxdx:% | f(x)sinkT”xdx.
-1 0

Psin ®dypre 1151 HeueTHON GYHKIIMM UMEET BUJ

= . kr
Zbk sme , TO €CTh HeueTHasi QYyHKIIUS pa3fiaraeTcs B psiji TOJBKO 1O CUHYCaM.
k=1
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§20. TunoBbie 3a1aHUs

3amanue 1.
Pemmth BOpoc 0 CXOIUMOCTH PSIOB:

= (2n-1Y"

1. Z[ " j OTBeT: pacXoauTCs;
=\ n+l
© nZ . 2/1

2. > ” OTBeT: CXOIUTCH;
n=l1
= 2n—-1

3., 3 OTBET: CXOIUTCH;
n=l1
= 4n’ -5

4, OTBeT: pacXoauTCH;
Z‘ 2n° +1 P
s 1

5. OTBeT: pacxoguTcs;
; nvlnn ’
©

6. Y. nr'l OTBET: CXOIUTCS;
n=l1 n
2 In(n+1

7.3 (nt1) OTBET: PACXOIUTCS;
= n+l
s 1

8. OTBeT: CXOOUTCH,
,,Z_:' (n+1)! A ’
= 3" . n!

0. - OTtBeT: pacxoaurcs;
n=l1 n

10 i nt2 OTBeT: pacxoauTcs;

"~ n(3n+4) ‘ ’

11.5° 3 OTBeT: PaCXOAUTCS;
n=1 41’1 + 1

12. — OTBeT: CXOOUTCS;
n=1 N
s 1

13. OTBeT: CXOOUTCH,
nz_;‘ nln’ n ’

14.>° arctgzn OTBET: CXOIUTCH,
‘o l+n

15. i 2,12—8 OTBET: PacXOUTCH;
= (n” +3)-5"

2 n

= +1

16.>° 3n2— OTBeT: CXOIUTCH;
n=l1 4I’l - 3
© n3 .3/1

17.3° > OTBeT: pacXomuTCs;
n=l1
“3n+1

18.>° - OTBeT: CXOIUTCS;
n=l1
2 n?t+1

19. ——— OTBeT: CXOOUTCH,
,,Z::‘ 2n° +3 ’
© 2

20. 2% OTBeT: CXOIUTCS;
n=l1 +n
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n
n

*+n-1

25. ,,Z::‘(n+l)(3n—l)
5

28.

2
S nln“n

29.5 !

© 3.3/1
305+ 20
;(n2 +1)-5"

~ (1+n*)arctgn

OTtBerT:

OTtBerT:

OTtBerT:

OTtBerT:

OTtBerT:

OTtBerT:

OTtBerT:

OTtBerT:

OTtBerT:

OTtBerT:

pPacxXoIUTC;

pPacXoJIUTCH;

pPacXoJIUTCH;

PacXoIUTCS;

CXOJIUTCS;

pPacXoIUTC;

CXOJIUTCS;

CXOJUTCS;

CXOJIUTCS;

CXOJIUTCS;

3amanue 2.

Pemuts Bonpoc 06 aOCOMIOTHOM CXOJUMOCTH PSAIOB:

- oy In(n+1)
2 ,,Z::‘( 1) n+l
e . 1
3 ,,Z::'(_ ) (Gn+1)2
© 4 3/1
4.3 (1)
;( 1) —

n=l1 2”1
7. i(— ) ——
n=l1 (n + 1)'

n+5

8. 21" (n+1)(n+4)

9. 3 (1) 12

n=l1 n

0.5

= m+)*(n+1)

OTtBeT:

OTtBeT:

OTtBerT:

OTtBerT:

OTtBeT:

OTtBerT:

OTtBerT:

OTtBeT:

OTtBerT:

CXOJIUTCS a0COJIIOTHO;
CXOUTCS YCIIOBHO;
CXOJIUTCS a0COJIFOTHO;
CXOJUTCS a0COJIFOTHO;
CXOIUTCS YCIIOBHO;
CXOJIUTCS a0COJIFOTHO;

CXOJIUTCS a0COJIIOTHO;

OTBeT: CXOAUTCS YCIOBHO;

CXOJIUTCS a0COJIFOTHO;

CXOJUTCS a0COJIFOTHO;
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OTtBerT:

OTBeT:

OTtBerT:

OTtBerT:

OTBeT:

OTtBerT:

OTBeT:

OTtBeT:

OTtBerT:

OTBeT:

OTtBerT:

OTBeT:

OTtBerT:

OTBeT:

OTBeT:

OTtBerT:

OTtBerT:

OTtBerT:

OTtBeT:

OTBeT:

CXOIUTCS a0COJIIOTHO;

CXOOUTCA YCIIOBHO,

CXOJIUTCS a0COJIIOTHO;

CXOJIUTCS a0COJIFOTHO;

CXOUTCS YCIIOBHO;
CXOJUTCS a0COJIFOTHO;
CXOUTCS YCIIOBHO;
CXOIUTCS YCIIOBHO;
CXOJIUTCS a0COJIFOTHO;
CXOIUTCS YCIIOBHO;
CXOJIUTCS a0COJIFOTHO;
CXOJUTCS YCIIOBHO;
CXOIUTCS a0COJIFOTHO;
CXOUTCS YCIIOBHO;
CXOUTCS YCIIOBHO;
CXOJUTCS a0COJIFOTHO;
PACXOJIUTCS;

pPacxXoIuTCs;

CXOOUTCA YCIIOBHO,

CXOOUTCA YCIIOBHO.
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3amanue 3.
Haiiti 061acTh cXOIUMOCTH PSIOB:

1. OTBerT: |1;3);

Z T [1:3)

2. 2()6;31)” Orger: [0;2];

3. OtBeT: |1;5);
,,Z::‘\/Z 2" [:5)

4, i(x ;nz)” OtBeT: (0;4);
= (x—3)" .

5. _ O T 1—258);
;(nH) S TBET: [-2:8)
= (x+1)"

Ly — O 11-2:0(;
6 ;n(zn_l) TBET: [~ 2;0]
7. OtBeT: |3;5);

HZ} Vn+1 [ )

8. i n_ =l Otser: (- 1;3);

9. 2(;6;—3; Otset: (- 3;-1);
10. 2(’6;2') OtBerT: (~ o0;0);
11. 2% OtBeT: [-2:4);
12. Z% OtBerT: [4:6];

13. Z(();_j))' OTBeT: (—w0;0);
14. Z:} (:;_3)5 Otsert: [-4;-2);
15. Z}% Otser: [-3;1);
16. 2 (x:;;)n Otser: [-3;1);
17. 2 & ;23)n OtBerT: [2:4];

18. 2 (x\/;+13) OtBeT: [- 4;2);
19. i & ;’)n OtseT: (0;6);
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20.

21.

22.

23.

24.

25.

26.

217.

Otser: [ 6;2);
Otsert: [2;4];
Otser:[0;2);
Otser: (- 4;2);

Otser: [2:4);

OTBeT: (— 00;0);

Otgert: [2;6);
Otser: [5;7];

Otser: [1;3];

29. i(x—35)” Otser: [2;4);
n=l N —
= (x+3)”

30, Y —~ O :-6:0);
;(n+l) v TBET: [- 6;0)

3ananue 4.
Paznoxutrs B psg MakiopeHa (QyHKIMM M yKa3aTh HWHTEpPBal CXOJAMMOCTH

MOJTy4YEHHOTO psifa:
2n

L ()

n-1 n
In™ 2-x" (= a030)

l. f(x)=e"  Otser:

2. f(x)=2" OTBer:

S 1M 1M

(n—1)!
3. f(x)=cos’x OTBeT: ;(_12;;(22:”2 , (—o0300)
4. f(x)=xsinx OTBer: 2((213; lf; , (—o0;00)

5. f(x)=e?* OrtBer: ;( (1: 112)' lx”’l, (= o0;00)
6. f(x)=arctg2x OTBeT: ;(_1);;(:)2”1 , [—%ﬂ
) et Omer S L
8. f(x)=x"cosx OTBer: ;(—1)" ’gn)l: (= 00;00)
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n+2
)

9. f(x)=x"¢" OTBerT: ix
n=0

10. f(x)=sin3x  OTBer: im,(—w;o@

= (2n=1)!
11. f(x) __ ! Omper i(3x)nl, [_llj
1-3x o 33

12. f(x)=In(1+2x) OTger: iw,[_l;l}
n=1 n 2°2
13. f(x)=sin’x OTger: iM

s (-om0)

1 . n— n—
14. f(x)=1+x2 OTser: ;(—1) R ) )
_ 1 . c _1\n! n—1 _ll
15. f(x)—1+2x OTser: 2( "' (2x) [ 2,2j
e 2n
16. f()c)zefx2 OTBeT: 2(—1)" -x' , (—oo;oo)
n=0 n.
17. f(x)=e™ OrtBer: g((ix_);)' , (—oo;oo)
18. f(x)=In(10+x)  OTBeT: 1n10+i(—1)”“ xlnon , (L1
n=1 n-

1-3-...-(2n=3)x™
2:4...-2n—-2)-2n

19. f(x)=+1+x> OTBGTZI+§:(—1)"+1- , (LD

0

20. f(x)=3" Otser: Z}% (—o0;0)

21. f(x)=xcosx OrtBer: g(—l)" gn)l' (= 00;00)
22. f(x)=e" OrtBer: g(—l)” 3’“}1’ (= 00;00)
23. f(x)=arctgdx  Otser: g(—l)”l%, [_éﬂ
24. f(x)=cos(x/2)  OTBer: g(—l)”-yi;n)!, (= o0;0)
25. f(x)=1+1x3 Otger: g(_l)" X (=1

26. f(x)=x-e" Ortger: zo’gn)' (= o0320)

27. f(x)=cos3x OrtBer: g(—l)" (?2’“’2; , (~o0;00)
28. f(x)=1+13)C OrtBer: g(_l)" -(3x)" [—%%)
29. f(x)=In(1+3x)  OTBer: g(—l)"l%,[—é;ﬂ
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30. f(x)zﬁ OTser: Z( )" - (4x)" [—% %j

3ananue S.
Paznoxuts B psig Oypee QyHKINU:

= 1 . 2n-1
l. f(x)=2, 0<x<2, IO CHHyCaM Ortser: Ez in 2= Dm
T4 2n-1 2
2 0 (_1)n+1
2. f(x)=x, -1<x<1 OrtBer: —z sin 7mx
T .0 n
0 (_ )n+l
3. f(x)=x, -~ <x<0, mo KocuHycam OtBeT: 2)_ COS X
n=l1 n
4 1=t —2exe2 Omer: L 451, Credm
2 2 2 & (2n+l)? 2
-1, —-7<x<0 1 6& 1
5. =3 OtBeT: —+— sin(2n —1)x
/) {2, 0<x<z 2t g, 2D
1 4 1
6. f(x)=x, 0<x<1, IO KOCHHyCaM OtBeT: ——— Y ———cosw(2k +1)x
S ) Y 2 7[2,{2:(;(2/(4-1)2 ( )
4 & 1
7. f(x)=1, -1<x <0, IO CHHyCaM OTtBeT: — 1s1n(2n D7x
T 2n—
8. f(x)=|x|, -rn<x<r OTBer: E—iz -cos(2n —1)x
2 7[ 1 2 _)
2 0 n+1
9. f(x)=x, 0<x<1, IO CHHyCaM Ortser: z sin 7mx
T p=1
B ( )n+l
10. f(x)=x+7, —m<x<r OTBeT: 7z+2z sin nx
T X 2
11. f(x):Z_E’ 0<x <7, 10 KOCHHYCaM Ortser: —z( cos(2n+l)x
T u=0
12. f(x)=x, —n<x<nm OtBeT: — z sin nx
n=l1
( 1)n+l X
13. f(x)=2x-3, -3<x<3 OTBer: —3+ z T
(—1)”+1 . 7mx
14. f(x)=5x-1, -5<x<5 OTBeT: —1+—2—sm—
7[,,1 n 5
1 4
15. f(x) =4, -1<x<1 OTBeT: ——— > ————cos(2n+1)mx
2 T ,,,0(2]’1 )
-1, —7<x<0 4 &
16. =3 7 OtBeT: — sin(2n +1)x
/> {l, 0<x<r ﬂnz(;2n+l ( )
17. f(x)—ﬁ—z 0<x<r, IO CHHyCaM OTBGTZZ—Sin2nx
4 2 o 2n
T—X
18. f(x)= , 0<x<2xm OTBer: Z—smnx
nln
19. f(x)=x*, - <x<nm OTBer: 4+ﬂ—z _2) cosnx
n
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COS l’l)C

20. f(x)=x?, 0<x<2n Ortser: 4—+4z

I’l

21. f(x)=x", 0<x <7, mno cuaycam OTBeT: —Z(—l)”*l{”—+—3[(—l)” —1]}sin nx
n n

n=1

22. f(x)=x", —mr<x<~m OTBeT: Z( 1)" {12 2n” }sinnx
n
23. f(x) L —w<x=0 OTtBeT: 2+4i sin(2n +1)
. = n X
* 3, 0<x<nrm T 2n+
24. f(x)=|x, —2<x<2 Ortser: 1—%5“(2 ~cos|(2n + 1)/ 2]
n=0
27 :
25. f(x)=e —1,0<x <27 Orer: © ﬂ-{;z[;f:;_'fm}l
26. f(x)=e*,~1<x<1 OrtBer: shl{l +2i(—1)’“ COS”"’C_Z"SF ”"x}
' l+n°7
27. f(x)=sinx, 0<x<r OTBerT: —Z{ﬁcosb@c+%}
28. f(x)=cosx, O0<x<r OrtBer: ——;L(—zn)smhzx}
29. f(x)=x-(m—x), no cu"ycam, 0<x <z OTBeT: Ei(z ! o —sin(2n —1)x
T _
3 12& 1 (2n+1)mx
=|x, (=33 0 S
f(x) |x| (-3:3) TBET: 2 1) cos 3
Jluteparypa

1. IMuckynoB H.C. uddepennuansHoe M HHTETPaIbHOE HCUUCICHUS IS
BTY30B, M.: Hayka, 1970-1985r., 1.2

2. Kygpssues B.A., lemunosuu b.II. KpaTkuii kypc BbICIIEH MaTEMATHKH,
M.: Hayka, 1978 r.

3. Mapycuu A.M., Tonosuna B.I'., OpmonbexoB T.O. Harnsgno-
WJUTIOCTPATUBHBIE MaTepHalbl 10 BeICIIEH MaTeMaTuke. Opynise, 1989 r.

4. Hauxo ILE., IlomoB A.I'., KoxeBHnukoBa T.fI. Bricimas MaremaTtuka B
YIOpaXHEHUSAX U 3a1a4dax. M.: Beiciias mkona, 1980 r., u.2.
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