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OT YPABHEHUI BEPHYJLIX
K YPABHEHUAM PUKATTHU U ABEJIA

C.K. Kviovipanues, A.b. Ypoanemosa, E.C. Byposa

AHHOmayus. PaccmaTpuBaeTcs pas3BuTME MeToda WHTErpupyloLero MHOXWUTENS, KOTOPbIA WCMOMb3yeTcs Ans
peLUeHNs NMHENHbIX 0ObIKHOBEHHbBIX AnddepeHumnanbHbIX ypaBHEHNI NepBoro nopsaka. lNokasaHo, Kak, MCnonb3ys
OCHOBHYIO M€l 3TOr0 MEeToda, MOXHO YCMEeLWHO pellaTb ypaBHeHUs BepHynnm u HeKoTOpbI AOBOMBHO LUMPOKUIA
Knacc ypaBHEHWI, KOTopble Ha3BaHbl 0006LLEeHHbIMY ypaBHeHAMY BepHynnu. YacTHeIMU criydasMun Takux ypaBHEHWI
ABNAOTCA NOAMHOXECTBA ypaBHeHW Pukkat n Abens. M3noxeHHbI MeToa 0COBEHHO BbIFOAEH TEM, KTO UCMOSMb3yeT
anddepeHumanbHble ypaBHEHNS AN PeLleHns NPakTUYecknx 3afaad, B YaCTHOCTU ANS MHXEHEPOoB.

Knoyesble crosa: nuHeNHble OBLIKHOBEHHbIE AuddepeHUManbHble YPaBHEHUS; WHTErPUPYIOLLMIA  MHOXUTENb;

ypaBHeHusi BepHynnu; ypaBHeHust Pukkatu; ypaBHeHust ABensi; npsiMoe WHTerpvpoBaHve AuddepeHumanbHbiX
YPaBHEHWN.

BEPHYJIUVIM TEHAEMEJIEPUHEH
PUKATTU KAHA ABEJIBJAUH TEHAEMEJIEPUHE

C.K. Kviovipanues, A.b. Ypoanemosa, E.C. bBypoea

ArnHomayusa. Makanaga GupuHUYM TapTUnTern Cbi3bIKTYY KaguMkv AnddepeHumangblik TeHAemenepan uybirapyyaa
KOMAOHYMYYYy WHTEerpanfoo hakTop bIKMAcbiH Xannbinoo kapanraH. byn blKMaHblH HErusru MAEACbIH KONAOHYM
BepHynnu TeHaemenepuH xaHa xannbinanraH bepHynnu teHaemenepw gen 6u3 ataraH 6up Kbiiina KeHMpK Knaccrtarbl
TeHaemenepau, KaHTUN MAMAKKTYY Ybirapca 6onopy kepceTynreH. MblHAan TeHaemenepavH earede yvypnapbl Pukkatu
*aHa Aben TeHOeMenepuHUH KenTyKYenepyH Ty3yweT. bepunreH bikma, e3revs, anddepeHumnanibik TeHaemenepam
npakTUKanblk Macenenepan vYedyy y4yH KonaoHroHAOP YYYH, atan anTkaHaa, MHXeHepnep yyYyH nanganyy.

TyliHOyy ce30ep: Cbi3bIKTYY KaaMMKM AuddepeHumnanabik TeHaemMernep; nHTerpanaoo gakrtop; bepHynnm TeHaemecy;
PukkaTtn TeHaemecu; AGenb TeHaemecu; auddepeHumnanibik TeHaAeMenepamn Ty3 Ysirapyy.

FROM BERNOULLI EQUATIONS TO THE RICCATI AND ABEL EQUATIONS

S.K. Kydyraliev, A.B. Urdaletova, E.S. Burova

Abstract. The work is devoted to the development of the integrating factor method, which is used to solve linear ordinary
differential equations of the first order. It is shown how, using the basic idea of this method, one can successfully solve
Bernulli's equations and a certain fairly wide class of equations, which are called generalized Bernulli's equations.
Special cases of such equations are subsets of the Riccati and Abel equations. The presented method is especially
beneficial for those who use differential equations to solve practical problems, in particular for engineers.

Keywords: Linear ordinary differential equations; integrating factor; Bernulli equations; Riccati equations;
Abel’s equations; direct integration of differential equations.
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Beenenue. Uepe3 HeOOIBIION, O UCTOPUIECKUM MEpKaM, IIPOMEKYTOK BPEMEHH IIOCIe Hadajaa U3-
YUYEeHUsI OOBIKHOBEHHBIX IU((EepeHINaIbHBIX YPaBHEHHH BBIICHWIIOCH, YTO HE BCE OHM MOTYT OBITH IPO-
HMHTErpupoBaHbl B KBaaparypax [1, 2]. IlooToMy, OueHb aKTyaJbHBIMU CTaIM UCCIIEAOBaHUsI, IIOCBAILICHHbIE
MOUCKY METOJIOB peIlleHUH YpaBHEHHMH B BO3MOXKHBIX Cilydasix. Ha 3ToM myTu ObLIM OYEHb TLIATENIBHO HC-
CJICIOBAaHBI JIMHEHHBIC ypaBHEHUS MEpBOTo mopsiaka. Kak mpaBuio, B cTaHmapTHBIX y4eOHBIX Kypcax pac-
CMAaTPUBAIOTCS METOJ] BapUaluU IPOU3BOIBHON MOCTOSHHON U METO]] TIOUCKA PELIECHUS B BUJIE IPOU3BEICHUS
nByX (QyHKnui. IIpu 3TOM O4eHb 9acTO HE JACTCS OTBET HAa BONIPOC «BBEIIMBOTOY» CIYHIATENS: «A HOUeMy
TaK MOXHO JieficTBoBaTb?» JIJ TaKOro ciydasi BEIMIPBIIIHBIM ABJISETCS METOA UHTETPUPYIOLIETO0 MHOXKUTE-
1151, BUJJOM3MCHEHHBIH BapHaHT KOTOPOTO SIBJISIETCSI OCHOBOW JTAHHON PabOTHI. DTOT MOIXO OKa3aJICsl BEChbMa
IPOAYKTUBHBIM. ET0 MOXKHO UCIIONIB30BaTh U Ul ypaBHEeHUH bepHymiu, u Ui BecbMa IIUPOKOro ceMeiicTBa
muddepeHaIbHEIX YpaBHEHNH, KOTOPBIE MBI Ha3BalIl 0000IICHHBIME ypaBHEHUSIMU bepHymm.

1. Bo3aMOXxHO, TUHENHBIE ypaBHEHUS IEPBOTO MOPsAKA

, —
V't p(x)y=q(x) .
ABJISIIOTCS HaKOO0JIee XOPOIIO M3YYEHHBIMU OOBIKHOBEHHBIMH Jn(depeHIMaIbHbIME YPaBHEHUAMU. PaBeH-
CTBO yl + p(x)y = (yeJP(x)dx),e—jp(x)dx

Hus (1).
3amaua 1

o0ecIieunBaeT HHTETPHPYEMOCTh B KBajpaTypax ypaBHe-

Pewwmp ypasnenue: y' + 2xy = 3Jxe™ 2

JleByto "acTh ypaBHeHUS (2) MOKHO «(haKTOpU30BATE:

2 2
yr + ZXy — (yef Zde)re-J 2xdx — (yex )!e—x

[ToaTOMy,
v+ 2y =3Vxe” o (yexz ), e =3xe* < (ye"z )' =" =

x> _ 3x1-5 -x? 15
ye¥ = 73 +C=y=e (Zx +C).

2. Tak kak neBast yacTh ypaBHeHUH bepHymm

Y+ px)y = q(x)y" 3)

MMeEET TaKOH ke, KaK y ypaBHeHu# (1) BU, s pelIeHUs TAKMX YPaBHEHUH TaKKe MOKHO HCIIOJIh30BAaTh BbI-
eyKka3aHHOE paBeHCTBO. [IponsuiocTpupyeM 3TOT MOAXO/ CIECAYIOLUIMM IPUMEPOM.

3agaua 2

Pewums ypasnenue [3]:

(I+x2)y'—2xy=4Jy(1+x2)~arctgx. 4)

, 2x f
[IpuBenem ypaBHEHHME K CTaHIAPTHOMY BHUAY: y y=4 ]-FLZ -arctgx . Tak Kak
X

T+ X2
O 3 d(]+x2) o ]_szdx _ i Lovina 4
J.—] 7 dx = —I = =In T + InA | nonyuaem: e’ X7 =e I*x = ITosTomy,
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ypaBHeHHE (4) MOKHO 3aIicaTh B BUJIE (1 'gx 2) ( 1+ xZ) =4 7 -:; = - Arcigx | KoTopoe SBJISICTCS ypaB-

HCHUCM C pasaciaroIuMHCA TCPCMCHHBIMH. B »tom nerko y6C,Z[I/ITC$I, HCIIOIL30BaB  0003HAYCHUE

y
1+ x?

Y V(142 y y Yoy vy arcmx
(]+x2](1 x) 4 1+x? amtng(]+x2) 4 1+x? 1+x?

Lo =4z arctgx dz _ 4arcigx dc

= Z. Torna,

=
1+x°  Jz 1+X°

d 4arct, d
=% = —gzxdx g 4d(arctgx) = JZ = arctg’x +C.
\/Z 1+x \/Z
Ocranoch BEPHYTHCA K UCXOAHBIM IMEPEMCHHBIM U 3allCaTb 0611166 PCHICHUC YpaBHCHUSA (4)
2 2
y = (] + xz) (arctgzx + C) :

[Ipu aTOM HY>KHO He 3a0bITh pemreHue y = 0.

3. MHoxecTBO nubdepeHInaTbHBIX YPAaBHECHNH, HHTETPUPYEMbIX B KBaAPaTypax, 3aMETHO PacIIMPHT-
Ccsl, €CIM B ypaBHECHUSIX Buaa (3) BMeCTO MCKOMOW (DYHKIIMH y paccMaTpuBarh QyHKIHIO fy + g. HazoBem
ypaBHEHUs

Y+ px)(f+e)=q(x)(H+sg)", )

rae f, g m — HEeKOTOpbIe Yncia, 0000IIEHHBIMU YpaBHEHUAMU bepHyiu.

VYpaBueHus (4) OyayT JIMHEHHBIMY TIpu m = (); ypaBHeHUsIME bepHymm nipu g = 0.

[Tokaxkem, uTO ypaBHEHUs BUAa (4) MOXKHO POMHTEIPUPOBATh, UCIIOJIB30BAaB METO/I, IOXOKHUHM Ha U3II0-
’KEHHBIH panee. {51 7TOTO TOCTATOUHO YOSAUTHCS B TOM, YTO HMEET MECTO PABEHCTBO:

y'+p(X)(ﬁ/+g) — [(,ﬁ}+g)efjp(X)dx:| %e-ffp(x)dx . )

Jokaxem paBeHCTBO (5). {151 9TOro BBIYMCIUM MPOU3BOAHYIO OT BBIPAXKEHUS B KBAJIPAaTHBIX CKOOKaX,
paccMmarpurBasi €ro Kak IpOnu3BeACHUE ABYX (PyHKIINIL:

I:(fy + g)efjp(x)dx:|' _ l}()}refjp(x)dx + (fj/ + g)fp(x)effp(x)dx __ {yr + (fj/' + g)p(x)}fefjp(x)dx,
3agaua 3
Pewums ypasnenue: y' + Z(Zy + ]) = g’k (2y + ])5 ' ©

1
Hcnonb3yem paBeHCTBO (5) 1 nepenumeM ypasHeHue (6): [(Zy +1) e4xJ 5 et = e (2y+1 )5 .
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Torna [(Zy + ])e4x J’ = Je™™ (2v + ])5 == [(Zy + I)e4x J, = 2Je™ [e"x (2v + ])T . Teneps pas-

d|(2y+1)e*

JeIM HEepPEMEHHBIE: [(y—); = Je%dx, [POMHTErPUPYEM u THOJTYYHM:
[(2r +1)e"]

-4
[(2y+1)e4"} 2
== =—(e"+0().
) 5 (e* +0)
B wurore, o6uiee pemenue ypapuenus (6): = +C) [(2 y+1) e ]4,

J11st TOTO YTOOBI ITOYYNTH TIOJTHOE PEIICHNE, Hy>KHO He 3a0bITh perienne y = —0,5, KoTopoe MOriio ObITh
HIOTEPSHO NIPU pa3eIeHUN IEPEMEHHBIX.

4. Vicropn4eck Tak CIOXHIOCH, YTO 3HAYWTEIbHAsl YacTh MCCICIOBaHMI B 00IACTH OOBIKHOBEHHBIX
muddepeHManbHBIX YpaBHEHUI CBsI3aHa ¢ ypaBHeHusIMH Pukkaru [4, 5]:

Y =a(x) +bx)y +c(x)y’. (M
VpaBHenuss (4) mnpu m = 2 Oynyr ypaBHeHusmu Pukkaru. [lepenmcaB wuxX B BHIE

y' = (fj/ + g) [—p(x) + Q(X) (fj/ + g)] , MOXKEeM YOCIHUThCS B TOM, YTO UMEIOT MECTO YPaBHECHHSI, OJTHO

U3 PEIICHUI KOTOPBIX SIBISICTCS YHCIOM: Y = —g/f.
2
Taxkue ypaBHEHHUS MOXKHO NMPUBOJIUTH K JIMHEHHBIM MyTEM JEJIEHUS Ha ( tg ) [6]. MBI npoeMOH-

CTPHUpYEM IPYToil METO, OCHOBAHHBIN Ha paBeHCTBE (5).
3anaua 4

Pewums ypasnenue Puxkamu: xy’ -0.5y-1=x’ (y+ 2)2. ®)
1
PasnenuM ypaBHEHHE HAa X U BBIHECEM 4 U3 CKOOOK: y’ - ;( 0.5y +1)= X’4 (0.5y +/ )2. B utore

MIPUXOUM K CTAaHAAPTHOMY BUAY 00OOIIEHHBIX YpaBHEeHUH bepHymin — k Buay (4). CrnenoBareiabHO, MOKHO
BOCTIONTE30BATHCSI PABCHCTBOM (5) M TIOJTyYUTh YpaBHEHHE:

l:(05y+1)\/_} 1 x= x24(0.5p+1Y.

' 2
Torma {(0.5y+1)%} = 2x?° ((0.5y+])%j .

[(0 Sy+1) f}

[(0.5y +1) f}}

-1 x3.5

- +C.
{(0.5y +1) &}

Orcrona J. J. 2X%dx . Taxum o0pasom,

3amumem o01ee penieHne ypaBHeHus (8) B BUIC: [ 35 + CJ 0.5y+1)= -x03
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U xak, HaBepHOE, YKe CTaJI0 MPUBBIYHBIM, JJO0aBUM pelieHue y = —2.

5. OgHuM K3 caMbIX 3HAYUTENBHBIX COOBITUI HayyHOU »u3HU Mtanun XVI Beka ABUIMCH MaTeMaTHye-
CKHE CPaKEHHUsI, B XOJIe KOTOPBIX U300pETaIiCh M COBEPIICHCTBOBAIMCH METOIBI PEIICHHS anreOpandecKux
ypaBHEHU TpeTbel U YeTBepTOl creneHu. B ucroputo yenoBeuecTBa Bouwiu Cruuon enb Peppo, Hukonbt
Tapranss, xeponamo Kapnano, Jlronosuko deppapn — yueHsble, OTIHYMBIINECS B 9THX OuTBax. B Teue-
HHE JBYX MMOCIECIYIOUINX CTOJICTHI MaTeMaTHKU OE3yCIICIIHO MBITAINCH POIBHHYTHCS MAIIbIIE — PHIYMATh
Y Pa3BUTh METOJIbl PEUICHHS aNreOpandecKux ypaBHEHHUH IMSATOW U BBIIIE CTEIIEHHU. BhUIH MoyueHbl HEKOTO-
pbI€ YacTHBIE Pe3yJIbTaThl, HO OOIIMH Cilydail HUKaK HE MOIXydalcs. DTO MPOI0DKaJIOCh 10 TeX Mop, MoKa 3a
neno He B3sica Hunbe ['enpuk AGens. B ognH npekpacHbIi 1eHb OH MPHUIIET K MBICIH, YTO HY>KHO HOHSTD,
MOYEMY OKa3aJ0Ch BO3MOXKHBIM HAIHCATh (POPMYIIBI Ul YPAaBHEHUI Y€TBEPTOr0 M MEHBINNX cTereHei. [1o-
HSIB 3TO, OH CyMeJ JOKa3aTh, YTO MOIYYUTh (POPMYITy KOPHEH JJIsi ypaBHEHUH MATON U BBIIIE CTEIICHU O0IIETO
BHJIa HEBO3MOKHO. DTO BBIJAIOIIUICS pe3yabTaT — OHO U3 BeJUYaNIINX JTOCTHKEHUH B UCTOPUU MaTeMarTu-
KH, KOTOpO€ OBIJIO TIOJTYYECHO FeHUATIBbHBIM YEJIOBEKOM. | eHHaNBbHOCTh ADeIs MoAUEpKHYTa OOIBIIUM YHUCIOM
MaTeMaTHU4YeCKuX MOHATUN — abeneBbl MHTErpajbl, (YHKIHUH, MHOr000pas3us, MpU3HAKH CXOIAUMOCTH, ... —
Ha3BaHBIX ero UMeHeM [7]. OgHUM U3 ITHX 0OBEKTOB SIBIISIOTCS OOBIKHOBEHHBIE AuddepeHInaIbHbIe ypaB-
HeHus Abers:

y'=a(x) + b(x)y +c(x)y? +d(x)y’ . ©

HecnoxxHO MOHSITB, 4TO ypaBHEeHHUS (4) Ipu m = 3 OyIyT SABISATHCS YaCTHBIM CITydaeM ypaBHEHHUH AOes.
ITponemoHCTpUpYyEM, KaK METOJI, OCHOBAHHBIH Ha paBeHCTBE (5), paboTaeT B 3TOM ciIydae.

3amaya 5

Pewums ypasuenue Abens:

3 .
y'+2cigx-(y+1)=x7(y+1 sin’x. (10)
I[Hﬂ TOTO qTOGLI BOCIIOJIB30BAaTbCsI PABCHCTBOM (5), BbIYHCJIUM COOTBCTCTBy}OHH/Iﬁ HUHTErpal:

[2ctgxdx =2 %dx =2 d;:l—n;c = 21Insin x|+ In A = In(A4sin® x) . B wrore, ypasic-

aue (10) mepenmimercs B BHJE: ((y + ])sinzx)' ﬁ = x7 (y + 1)3 sin®x . Torna
d[(y+ Dsin?

I [(y jsin xj = J'x3dx . Takum oGpasom, ! > = x—4 +C.
|+ Dsin’x | -2+ Dsin’x|

4 2
X .
Orcrona -2= 7 +C [(y + I)smzx} . Ocranoce 100aBUTH pernieHue y =-1.

3axmouenue. [Iporutupyem Benukoro Moranna Bonbdranra I'ére: «Bcee crosimee yxe 1aBHO MpUIy-
MaHO, HaJI0 TOJBKO He OOSIThCS MOMPOOOBATH MEPETIPUAYMATh 3TO eIle pas3». MBI pelIuin HOoCIe0BaTh CIo-
BaM ['ére u B JaHHO paboTe, OCHOBBIBASICH HA METOE HHTCTPUPYIOIETO MHOKHUTENS, KOTOPBII OOBIYHO CBS-
3BIBAIOT C IMEHEM BEJIMKOro yueHoro JleoHapaa Oiinepa, nmpeasaraeM HOBbIH MeToA. OH MO3BOJSET yCIEI-
HO MHTETPUPOBATH JHUHEHHBIE TU(depeHIaIbHble YPaBHEHUS IEPBOro nopsiaxka. He orpaHHUYNBasCch 3TUM,
3TOT METOJ MO3BOJISIET HHTEIPUPOBATH IIUPOKOE CEMEICTBO YPaBHEHHH, BKITIOUAOIee ypaBHeHHU bepHymn,
YJaCTHbIC ClTyyal ypaBHeHUM Pukkatu u Adems.

IToctynuina: 12.08.24; penensuposana: 26.08.24; npunsara: 28.08.24.

8 Becmnux KPCY. 2024. Tom 24. Ne 8



C.K. Kviovipanues, A.b. Ypoanemosa, E.C. byposa

Jumepamypa

Mameees H.M. MeToipl HHTETPUPOBaHUS OOBIKHOBCHHBIX AuddepeHinanbabix ypasuenuii / H.M. Marsees.
CII6.: Jlans, 2003. 832 c.

Boyce WE. Elementary Differential Equations and Boundary Value Problems / W.E. Boyce, R.C. DiPrima.
New York, Wiley, 2012. 832 p.

Camotinenxo A.M. Iuddepenmmansusie ypaBHeHus. [Ipaktndecknii kype / A.M. Camoitnenko, C.A. Kpuso-
mes, H.A. Tlepectrok. M.: Bricmas mkoia, 2006. 383 c.

Kamxe D. CripaBouHUK 110 00bIKHOBEHHBIM audeperimansasiM ypapaenusm / J. Kamke. CI10.: Jlaus, 2003.
576 c.

Polyanin A.D. Handbook of Ordinary Differential Equations: Exact Solutions, Methods, and Problem /
A.D. Polyanin and V.F. Zaitsev // Chapman & Hall / CRC Press, Boca Raton. 2017. 1496 p.

Kwoiovipanues C.K. Hexotopeie ypaBHeHHs1 Pukkarm, uHterpupyemsie B kBanparypax / C.K. Keigeipanmes,
A.b. Ypnanerona, O.b. 3a6unsxosa // Bectauk KPCV. 2023. T. 23. Ne 4. C. 4-10.

Cmbiunses B.K. O matemaruke 1 Maremarnkax / B.K. Cmbinuses. Homkap-Oima: Mapuniickoe, 1977. 224 c.

Becmuux KPCY. 2024. Tom 24. Ne 8 9



