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METO/I PA3JEJEHMSI NEPEMEHHBIX 151 TAPABOJIMYECKHUX
YPABHEHMI1 METHOD OF SEPARATION OF VARIABLES FOR PARABOLIC
EQUATIONS

Annomayusn: Jlannas cmamvs paccmampusaem memooO pazoeneHuss NepemMeHHulx 8
KOHMeKcme CMeWlaHHoU 3a0ayu 01 YPABHeHUsi ¢ NepeMeHHbIMU Kodpduyuenmamu.
Vpasnenue onucvieaem pacnpocmpanenue menia uiu Ko1eOaHus 8 CIMepicHe U umeem euo:

du d du du — (k(x) —) — q(x)u =
p(x) —
Jt dx dx Jt

¢ epanuunvimu yeaosusamu (0, t) = 0,u(l, t) = 0 u nauarvuviv ycnosuem u(x, 0) = @(x).
Hcnonwv3ys memoo pazoenienus nepemenHblx, npeonoiaeaemcs, 4mo peuieHue umeem euo u(x,
t) = X(x)T(t), umo npusooum k cucmeme ypasnenuu. Ilocne pazdenenus nepemeHHbIX
noayuaem oughgepenyuanvroe ypasuenue o X(x) u ypasuenue o T(t), komopsie ces3arvl
napamempom A.

3aoaua Imypma-Jluysunnis soznuxaem uz epanuunsix yciaosutl ons X(x), u ee pewienue
onpeodensiem cobcmeenHvle sHavenust An u coomsemcemasyiouue coocmeennvle Gyuxyuu Xn(x).

ﬂoxas’bzeaemc;z CyuecmeosaHue CHentHo2o MHoaHcecmed nojaloHCUmelbHblx cobcmeeHnHbIx
3HaueHull U ux opmoconamrbHocms ¢ gecom p(x) ua ompeske [0, l|. [na @yukyui,
VO0BIeMBOPAIOWUX CPAHUYHBIM  YCIIOBUAM, O0O0KA3bIBAECMCSl pasiodceHue 8 psio Dypve no
CcOOCMBEHHbIM DYHKYUAM 3A0aUU.

s pewenuss cucmemvl YpasHeHull UCNOab3ytomcs kodpouyuenmor Pypve, Komopwvie
onpedensomcs uepes unmezpaivt om npouzeedenus p(x), f(x) u Xr(x).

Cmambs makxaice co0epxIcum npumep peuwleHuss CMeulanHol 3a0ayu Oas YPasHeHUs
Menionpo8OOHOCHU 8 CIMEPIICHE C HEOOHOPOOHBIMU SPAHUYHBIMU VYCA0BUAMU.

B 3aKinrdyerue, ommevaemcs, u4mo Memoo pwdeﬂenu}z NnepemMeHHvblx MmoaxHcem OblmMb
NPpUMEHEH U K dpyzwvz munam ypaeHeHuﬁ, maxKum Kak 2unep6ozzuttec;<ue uau aarunmudyecKue
VPABHeHUst, YUMo 00CYHCOAemces 8 cmamoe.

Abstract: This article examines the method of separation of variables in the context of a
mixed problem for an equation with variable coefficients. The equation describes the
propagation of heat or vibrations in the rod and has the form:

du d du du — (k(x) —) — q(x)u =
p(x) —
Jdt dx dx at

with boundary conditions u(0, t) = 0, u(l, t) = 0 and initial condition u(x, 0) = ¢(x).
Using the method of separating variables, it is assumed that the solution has the form u(x, t) =
X(x)T(t), which leads to a system of equations. After separating the variables, we get the
differential equation for X(x) and the equation for T(t), which are related by the parameter 4.

The Sturm-Liouville problem arises from the boundary conditions for X(x), and its solution
determines the eigenvalues A, and the corresponding eigenfunctions X,(x).



The existence of a countable set of positive eigenvalues and their orthogonality with
weight p(x) on the segment [0, I] is proved. For functions satisfying boundary conditions, the
Fourier series expansion in terms of the eigenfunctions of the problem is proved.

To solve the system of equations, Fourier coefficients are used, which are determined
through integrals from the product p(x), f(x) and Xi(x).

The article also provides an example of solving a mixed problem for the equation of
thermal conductivity in a rod with inhomogeneous boundary conditions.

In conclusion, it should be noted that the method of separating variables can be applied
to other types of equations, such as hyperbolic or elliptic equations, which are considered in the
article.

Knroueesvie cnosa: onpeaeﬂenuﬂ, meopemaul, 00Ka3ame/zbcmeo, CMeEULdHHblEe 3610611!1/{,
G opmynvl, pewienue 3a0au.
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PaccmoTpuM cMmemannyro 3aa4y Uil ypaBHEHMSI C IEPEMEHHBIMU K0P PHUITUEHTAMU:
d du du

(k(x)—) T g@u=px)—,0<x<Lt>0,(1)

dx dx dt
U(x; t)lx:o = O,u(x, t)|x:1 =0,t>0 (2)
{ u ]e=0 = @(x),0 < x < 1.(3)

[Mpenmonaraem, uyto ¢ynknuu k(x), q(x) m p(x) HempepbIBHBI Ha OTpe3ke [0, |] u
BBITIOJIHEHBI HEPABEHCTBA:
k(x) > 0,p(x) >0,q(x) =20,x € [0,[]
bynem uckarp pemenue 3amauu (1) - (3) B hopme:
ulx, t) = X(0T (1), (4)
u, noactasisis (4) B (1), mocie pa3aeneHus mepeMEHHBIX TTOTYIHM
(k()X') —q(xX)x T’
—==-A(5)
p(X)x T
N3 (2) u (4) BeiTeKaeT, uto GyHKIMU X (X) TOJDKHBI YIOBIETBOPITH TPAHUYHBIM
yenoBusiM X (0) = 0, X(I) = 0. IlpucoenMHUB 3TH TPAaHUYHBIC YCIOBUS K
muddepeHnrnaibHOMY ypaBHEHHIO A1s X (X), MOJIyduM Tak HaszbiBaeMyro 3amauy Lltypma-
JInyBuins

k()XY —q)X+A+px)X=0
6) {
X(0)=0,X(1)=0,(7)

r7le HY)KHO OIPEIeTNTh 3HAUCHHWE IapaMeTpa M COOTBETCTBYIOLIME HETPHBHUAIBHBIC

peuieHus
X ().

Onpeodenenue 1. Te 3HaueHus mapameTpa A, A1 KOTOPBIX 3a1a4a (6) - (7) umeet
HETPUBUAIIbHBIE PELICHNUs, Ha3bIBAIOTCSI COOCTBEHHBIMH 3HAYEHUSMH, a COOTBETCTBYIOIINE
HETPUBUAJIbHBIE PELICHUs Ha3bIBAIOTCS COOCTBEHHBIMU (DYHKIUSMH.

Teopema 1. 3amaga Ulrypma-JlmyBwins (6) - (7) uMeeT CYETHOE MHOXKECTBO
MOJIOKUTEIBHBIX COOCTBEHHBIX 3HAUCHHH

M< < Az< o K A< o+



Teopema 2. Cobcmeennvle @yHKyuu, omeeuarowue pa3iuyHbiM COOCMEEHHbIM

BHAYEeHUM, 83AUMHO OPMO2OHATbHYBL OpYe Opyey ¢ eecom p(x) na ompeske [0, ] m.e.
l

| P2 Idx = 0. ®)
0
Teopema 3. Eciu f(X) umeet na [0, [] HermpepbIBHBIC TIPOU3BOIHBIC 10 BTOPOTO MOPSIKA

BKJIFOUUTEJIBHO U yaoBieTBopsieT rpaniuHbiM ycnoBusiM f (0) = f (1) = 0, To ona pa3naraercs B
a0COJIIOTHO M paBHOMEPHO CXOAIuics psg Pypbe 1mo coOCTBEHHBIM QyHKIHAM 3a1auu (6) -

@) )
£D=) o,

k=1
20e koa¢puyuenmol Cypve bIUUCTAIOMCA NO POPMYIAM

: l
1
= _||X i fp(x)f(X)Xk(X) 2 _ Ofp(x)X,f(x)dx fu ;

dx, || Xk||.
k
0

JlokazatenbcTBo Teopem 1 u 3 Gasumpyercss oObIYHO Ha cBeneHuu 3amauu Iltypma-
JInyBUIISL K SKBUBAJEHTHOMY MHTErPajJbHOMY YpaBHEHHUIO, MBI 37eChb He OyJeM Ha HeM
OCTaHAaBIIMBATHCA.

Jlokazamenvcmeo meopemvi 2. IIyctb At Am pa3nmuyaHbie cOOCTBEHHBIC 3HaUeHUS, Xm(X)
u
X7(x) cOOTBETCTBYIOINE COOCTBEHHBIC (DYHKITUH, TAK YTO
L(Xn) + Anp(x)Xn=0, L(Xm) + Amp(x)Xm(x) =0, (9)
rae uepe3 L o6o3nauen mudepeHnnanbHbIii onepaTop
d dX

L—L(x)=_— (k(x) —) —q(x)X (10)
dx dx
[TyreM mpocThIX TPeoOpa30BaHUi TOJYIHM, YTO

XnL (Xm) — XmL(Xn) = Xn(k(O)X'm) — Xm(k()Xn) =

= (k(xX)(XnX'm — XmX7)). Hurerpupys

MocCJieTHEe PABEHCTBO, C YUIETOM I'paHUYHbBIX ycloBul (7) Haiinem

u
[ coron -
OTKYJa € IOMOIIBIO (9) BbIBOJAWM COOTHOIIICHUC

l l
0= f Kol (X)) —  (Xp))dx = f (X (= AP (D) X) — X (~p(X)X,))
0 0

XmL dx

!
= (= 2) [ DX X ()
0 dx,
KOTOpOE€ paBHOCUIBHO (8), ecimu An # Am. Takum 006pazom, J0Ka3aTeNbCTBO TEOPEMBI 2
3a-



BEpLIACTCA.
Cunras 3agauy Ultypma-JInyBuiis pelieHHOH, BepHEMCs K paBeHCTBY (5) M pemum
middepeHnnanbHoe ypaBHEHHE
T+ 4T = 0.

OueBuno, uto Tk(t) = Are~*t, Tenepsb cocTaBIsieM Psit
co

0= ZAke—Akth(x) (12)

k=1
1 ompeaenuM Ay Tak, 9ToObI BBITIONHSIOCH HaYaabHOE yciaoBue (3), T.e.

[oe]

2 ArXi(x) = p(x),
k=1

OTKYJia CJI€AYeT, UTO
! !

1
A= — pEf X COXil2 [dx, |Xk||12= [ p(x) Xi2(x)dx. (13)

0 0

Wtak, Mbl Hatwm, uto pemenue 3aaaun (1) - (3) maercs popmymnamu (13) - (14).

OrpannumBasch (GOpMabHBIM TIOCTPOCHHWEM pEIICHHsS, MBI HE paccMaTpuBaecM
000CHOBaHHS M YCIOBUH MPUMEHUMOCTH METOJa HU B OTHOIICHUH HAYaJIbHBIX JAHHBIX, HU B
OTHOIIEHUH KOAPPHUIINEHTOB ypaBHeHus (1).

3ameuanue 1. Kak sicio u3 (11), Teopema 06 OpTOroHaIbHOCTH Oy/I€T UMETh MECTO U
it npyrux 3anad [typma-Jlnysusms, ecnu rpaanunbie yeinoBus (7) 3amenuts Ha X' (0) = 0,
X'(1) = 0 wmn, nanpumep, X (0) =0, X'(l) = 0.

Bonee Toro, uyTk mo3xke Mbl OyZeM pacCMaTpHBATh TaK Ha3bIBAEMBIM OCOOBINA CITyda,
korja kodhdunueHT k(x) obparaeTcs B Hyib B Toukax Xx=0 1 X=I, ¥ B 3TO¥ cUTyaI[uu pe3yabTaT
noacTaHoBKH B (11) paBeH HyI10, U COOCTBEHHBIE (DYHKIIMH 00pa3yrOT OPTOTOHAIBHYIO C BECOM
p(x) cucreMy GyHKIIHAMN.

3ameyanue 2. Paszymeercs, uro 3amaya llrypma-JluyBwiig mid ypaBHEHUS C
MEPEeMEHHBIMU KOA(PPHUIIMECHTAMU, KOTOPYIO MBI PACCMOTPENH, MOXKET BO3HHKHYTh U IpPH

pElIeHUH ypaBHEHUH TH-
G
u IepOOIMYECKOr0 WM UM THYecKoro Tuna. Ecnu, Hanpumep, B paBoit yactu (1) 3amMmeHUTH

—Ha
ot

0%u
— 2, TO IOJIYYUM YpaBHCHUC FI/IHepGOHI/IquKOFO TUIIA C IICPCMCHHbBIMU KOS(I)CI)I/IHI/ICHTaMI/I.
at

3ameuanue 3. JInst ypaBHEHUS TEIUIOMPOBOAHOCTH CTEPKHS

au— 29w =

f(x,t) 0t a
dt:
pellieHHe CMEIIaHHBIX 3a/1a4 MPOBOJUTCS MPUMEPHO MO TaKUM K€ CXeMaM, KOTOpbIE
moApoOHO
W3JI0XKCHBI BBIIIC B IPUMEHEHUH K YPABHEHHIO KOJICOAHHI CTPYHBI.



Ilpumep 1. PemuuTh CMELIaHHYIO 3a/1a4y

+2tx€ (0;—),t >0

ue(x, t) — u(x, t) = xe 2

u(x, 0) = x + 2sin2xcos3x,
u(0,t) =t ux(m/2,t) = 1.
Pewenue. IIpexne Bcero nepeiieM K CMEIaHHOM 3a/1a4e ¢ OAHOPOIHBIMU IPAHUYHBIMU
YCIIOBHSIMH, JIJISl YETO CIENIaeM 3aMEHY
u(x, t) =t?+x + v(x, t).
Torma muist Hen3BeCTHON QYHKIHH V (X, t) IOJydaeM CMEIIAHHYIO 3a/1a9y
T

El0;=),t>0,(14
ve(x, t) — vex(x, t) = xet, x ( 2) (14)

v(x, 0) = sin5x — sinx, (15)
/[

0.0 =/20,v, (E; t) = 0.(16)

Haiinem coOctBennbie yakimu Xi(x) muddepeHinansHoro omeparopa  dx_ 92 ¢

rpaanaHbMU yeroBusiME X(0) = 0 u Xk ("2) = 0;
—X"k(x) = MKi(x), (17)

" (m) =0 (18)
X(0)=X
2
Pemenne muddepennmansaoro ypasaenus (17), ynoBiaeTBopsioiiee yCIoBuio mpHu x = 0,
ecThb

= sin ka
Xk . YciioBure Ha MpaBOM KOHIIE IPUBOMT K PaBEHCTBY

JA:H—(Zk D ke
ko ™ 2’7 TN,

Xik=sin(2k — 1) x, k= 2k — 1)2, k € N.

OTKyJa

OyHKIHIO V (X, t) OyaeM HcKaTh B BUAE psiaa

JEDEPWAGYACNEE)

k=1
[Tomyunm ypaBHeHUs Ha Heu3BecTHble PyHKUMU Tk (t), A7 4Ero pasnoxkuM (QyHKIHIO X,
BXOJAIIYIO0 B ypaBHeHHE (14), mo cucteme {sin(Zk — 1) x}}Zy:
- 4 3 T (—
= %fgz xsin(2k — 1) = rk—1) JZcos(Zk — 1) ™Dk
Ck xdx  xdx =

n(2k—1)2.



Hanee, noncraBuM psiasl (19) u (20) B cmemannyto 3aaauy (14), (15), (16):

M O%G) + ) k- TOK@ =) )

k=1 k=1 k=1
Y Tr(0)Xk(x) = X3(x) — X1(x).
k=1
[TorpebyeM  MOWIEHHOTO  BBIMIOJHEHHS  HANMCAHHBIX
paBeHcTB: Tipu k =

4t -
T'1(t) + T'1(t) =e
T
T'1(0) = —1;
mpu k =3
4 t
T'3(t) + 25T1(t) = e
25m
T'3(0) =1;
Mpu k#1; 3
4et
Te(t) =Rk —1)2Tk(t) =—— (2k — 1)2(—1)k+1,
T
T'x(0) = 0.
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