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Annomayusn: Illpu ucciedosanuu pasHvix 3a0ay 2UOPOOUHAMUKU, MeOopuu KoaeOaHul,
K8AHMOBOU MEXAHUKU NOYYAIOMCA Mamemamuieckue Mooenu, Komopvle ONUCbIBAIOMCSL
ouppepenyuanbHbIMU YpagHeHUSMU ¢ MOYKamu nosopoma. Taxue mouxu nusAOmM Ha UsMeHeHUue
npoyecca u maxue Npoyeccvl AGIAIOMCA HeoOHOpOoOHviMU. [ludgepenyuanvhvle ypagneHnus c
MOUYKAMU NOBOPOMA UZVUATUCH PASTUUHBIMU MEeMOoOamu, makumu Kax, memoo BEK (Benmyens,
bpunniosna, Kpamepa).

B Oannoii  pabome @visedena pexyppenmHnas —¢hopmyna  pewlenuti  CUHSYIAPHO
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RECURRENT REPRESENTATION OF SOLUTIONS TO SINGULARLY PERTURBED
EQUATIONS WITH ROTATION POINTS IN A COMPLEX PLANE
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Abstract: In the study of various problems of hydrodynamics, the theory of oscillations,
quantum mechanics, mathematical models are obtained, which are described by differential
equations with turning points. Such points affect the change in the process and such processes
are heterogeneous. Differential equations with turning points were studied by various methods,
such as the WBC method (Wentzel, Brillouin, Cramer).

In this paper, a recursive formula is derived for the solutions of a singularly perturbed
equation connecting the turning points in the complex domain. Examples are given to illustrate
the results obtained.

Keywords: singular perturbation, turning point, recurrent formula, asymptotic
representation, analytic function, harmonic function, level lines, simply connected and bounded
domain.

ez'(t,e) = a(t)z(t, &) + ef (t,z(¢, €)), 1)
z(t3, &) = z3. 2)

BeiBenieM pexyppeHTHYIO (HOpPMyNy PEIIeHHH CHHTYJISPHO BO3MYIIEHHOTO YpPaBHEHHS C
YYETOM KpPaTHBIX TOYEK ITOBOPOTA.
Teopema. I1ycTh BBIMOIHEHBI YCIOBUS:
1. a(t)eQ(D),teD,D — oaHOCBsI3HASL U OTPaHHUYCHHAS 00J1aCTh B KOMITJIEKCHOMU TJIOCKOCTH;
a(t) uMeeT HyJIH B TOYKAX t3,t3, ..., tk.
3. f(t,z)eQ(H),H — HekoTopas orpaHudeHHas o6iacth mepemeHHbIX (t,z). Q(DvH) —
MIPOCTPAHCTBO aHAMTHYEeCKUX QyHKIUM B D wiun H.
Toraa cnpaBeuinBa cieayoras Gopmysa

k K\ afrk
z = z(t§, e)exp@ + fttk exp wf(r, z)dt, (k =1,2,3,...,n) (3)
0
rne A(tk,t) = fttk a(v)dr,z(tf, &) (k = 1,2,3,...,n).
0

Joka3zatenbcTBo: Pemenue 3agaun (1) — (2) npencraBum B Buze

N

z(t, &) = z° exp@ + ftl; exp wf(ﬁ z)dr, (4)
rae A(ty, t) = ftto a(t)dr.
Ecim t, — eIMHCTBEHHas OOBIKHOBEHHAs TOdkKa TIOBOpoTa, To 3amada (1) — (2)

uccneaoBana B pabotax [1], [2]. AcuMOTOTHYECKOE pa3JIOKEHWE PEIICHUN I JTUHEHHOTO
ypaBHEHHS C IBYMsI TPOCTHIMU TOUYKAMHU TIOBOPOTA MccienoBana B [3].

Ecmm a(t) B D umeer Hymu (KpaTHele He HWXKe ABYX) B Toukax tf (k = 1,2,3,..,n)mwm
HECKOJIbKO MPOCTBIX HYJIEH, TO ucciaeaoBanue 3agaun (1) — (2) panee He MpOBEEHBI.

VCTaHOBHMM B3aMMOCBA3b MEX/LY HYIAMH t{ MM TOUKaMH TOBOPOTA.

te(okpecr t})
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Puc. 1
3ametnm a(t)eQ (D), To 3HAUEHHE MHTErpana He 3aBHCHT OT (GOPMBI IyTH MHTEIPUPOBAHUS, A
3aBHCHT OT HAualIbHOH M KOHEYHOH TOUYKH MHTEIPUPOBAHHS.
HNMmeem
ft a(r)dr +f a(r)dr+ f1 a(t)dr = 0,

OTCIO/Ia

t ot to ot to
fto a(t)dr = ft& a(t)dr — ft% a(t)dr = fta a(t)dt + fto a(t)dr
Takum o6pazom
A(to, ) = A(tg, ) — A(ts, to) = A(tg, t) + Alto, tg).
C yuerom mpoBeIeHHBIX TIpeodpa3zoBanuii (3) mpeacTaBuM B BUJIE

1 _ —
7 =20 exp@ + ftzo £z, Z)expwdr + ftt1f(T, Z)expwdr —
0

1 1 14)-
= 2% exp A(tgo,t) +ft0 F(z, 2)exp A(to,t)+A(t3.t) A(to,r)d n
+ftt1f(T; 2)exp A(tot )+A(tdt)-A(to,td)- A(t0 r)d

&

=exp—— ( ) z° epr(ti’t&) +J 1 LD exa(Alto ) ()

dr| +

to £
1 _ 1
+ ftt& f(T; Z)exp wd’[ —e x A(tO Z(to, 8) +

+ ftt1 f(z, Z)expwdr z(t, €)=

=exp— — (tOIE) + ftl f(T Z)expwdr_

1) tG(OerCT to) Puc. 2
fi a@dr = [Ba@dr + [Sa@dr.
A(ty, t) = A(to,t ) + A(to,t)
2 -
2= 20 exp ™09 1 [ £z, yerp X000 g
+ ftzf(T' Z)expwd—[ =z%xp A—(tg"‘t) +
0
2 2 2 _
4[58 (1, e LnBL A A aT) g
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f(T; Z)ex A(to’toz)+A(t(2)'t);A(toité)_A(tg,T) dT =

+f f(T z)exp
A(to t)- A(to 7) dr =

t
+ ftg

A(tf’t) [z" ox A(to Ato,t3) A(to,té)g—A(to,r) dr] n

= exp
+ft2 f(r z)exp

=exp— — A(to 2 cz,(t§,€) + ftz f(z, Z)exp
2t,€) = exp% 2(6§,€) + [ f(x, Dexp B4 4

te(okpecT t3)

A(tg.t)-A(td 1)
— dr.

puc.3.

3
ftl;o a(t)dt + ftt3 a(t)dr = ftto a(t)dr.
0
A(to, t) = A(to, t3) + A(83, 0).
3 _ —
z3 = z% exp == +ft°f(1' Z)expwd +ft f(z, z)expwdrz

A(to t)

A(to, t)+ f f(r 2)exp A(to, t3)+A(t0 t)- A(to‘r)d N

=z%exp

+ ftg f(r, z)exp

&
A(t3t Atotd) (td
xp —(s" )[ZO exp—( ‘; O)ftoo f(z,2)exp

A(to,t3)+A(t3,t)=A(to.t3) - A(to 7) dr =

Ato,t3)—A(to,7) d‘[] +
€

3.\ _a(+3
+ ttg f(z,z)exp —A(t"’t)gA(t"’T) dr =

3 3\ a(+3
exp —A(t"’t) -z, (t3,8) + ftt3 f(z,z)exp —A(to't)eA(tO'T) dr.
0

(to t) A(t3,£)-A(t57) dt
&

z(t, &) = exp == z(t3,¢) + fttg f(z,2)exp

Torna umeeM crnenyroiiee ypaBHeHHe.

zZ = z(to,s)exp Ak(t‘) + f Ak(tg't);Ak(tg’T)f(T, z)dt,(k = 1,2,3,...,n).

Teopema noka3ana.
PaccmoTpum cnenyroiye npumepsi:
al®) =t>?+1=(0C+D)t—-D)=0C+D)Et+i—20)=({+D)?—2i(t+iQ).
ft’; a(s)ds = g(t + )3 —i(t +0)? —§(t0 + 03+ ity +0)2
Bgenem ¢ynkiuio

Ar() =+ )P —i(t+D? =< (t+ D2 (t+i— 30).
[lonaras t = t; + it, onpenenum

t, t
ReA,(t) = [t1 —(t+ 1222 —t,— 2] ==[t2 —t2 —2t,— 1 — 262+ 2t, + 4] =

3
- 3 [tl _3t2 +3].
Eciu ReA{(t) =0:t; =0,t? -3t +3 =0
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t? —3t2 +3=0,t3 =§(t12+3),t2 =i§ t? + 3.

Ha puc.4 nuzobpaxens! munun ypoBHs ReA,(t) = 0 u cexropa, riae ReA,(t) < 0 wiu ReA,(t) >
0

n ta i
1 t 1,

) 1
Ao N

.l
‘

o” f1g
fo Puc.4.
[TpumenumocTs opmynel (3) 3aBHCHUT OT NPHHAUICKHOCTH t, OTpULATETBHOMY ( — ) WIH
MOJIOKUTEILHOMY (+) CEKTOPY.
3amMeTHM 110 BEIOpAaHHOMY ITyTH HHTErpupoBanusi ReA; (t) 1o/mKeH He BO3pacTarh.
1) t, NIPUHAIJICKUT OTPHLATEIBHOMY CEKTOPY, TO M3 3TOHW TOYKH HEBO3MOXKHO MOINACTh B
TOUKy t = —lwm t = i.
2) tye(+) cexkropy, TO MOMACTh MOKHO.
Ecnu paccmarpuBaetcs 3a1aya
ez’ = (t? + 1)z + ¢f (¢, 2),
z(ty, &) = z°.
o S(E+D3—i(t+D)2 —2(to+D)3+ito+1)? ¢
z=2z%xp : + [ ;, €X

1y

§(t+i)3-i(t+i)2-§(T+i)3-i(r+i)2

f(z,z)dr.

&€
1 1
-3+ +ilto+D? -5+ —i(r+0)?
10, 2,(—0,) = 20 exp =+ [ fewp S —— f(r.m)dx

Re (= 3(to + )% +i(to + i)z) = —2[t? — 3t +3].
Ecnu tyeN;vtyefls, To MOKHO momacth B HYIb (i), ganee B (i).
Iyers toefs. Torna Re (— 3 (to + 1) + i(t +)?) < 0.

= $(to+0)3+i(to+D)?

Bripaxenue z° ex = 0(e™),neN u mpu ycnouu t, & {teC,t? —3t? +3 =
p p pa 'y 1 2

&
0}, to & {teC,}, t; = 0,—0 < t, < —1 acUMOTOTHYECKOE TpeACTaBlIeHHEe Z; (—I, €) 3aBUCHT OT

HWHTErpaja

—i
Ji = fto exp - f(z,z)dr.
Ecnu tyef,\ty€f3, TO U3 ITOI TOUKH MOXKHO IMOTACTh B HYJIb (1) nanee B (-i).
PaccmoTpumM ciydait, koraa U3 0JJHOTO HYJSl HEBO3MOYHO MOMACTh B APYToe€.
Mycte a(t) = 3t? — 2t = t(3t — 2),
t
A(to,t) = [, 31% = 20)dr = t* — t* — t3+t2, Ag(t) = t3 —t2.
0
ReAy(t) = Re(t3 + 3itit, — 3t t2 —it3 — t? — 2ityty, +t3) =t — 342 —tZ +t2 =
t3—t? ——t2-(3t; +1) = 0.
Orcrona umeem

—§(1+i)3—i(r+i)2
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Kpusas onpenensiemast pynkuueii t, (t;) n3o0paxkeHna Ha puc.4. ITH KPUBBIC TaKXKe Pa3CisIOT
IUIOCKOCTh Ha OTPUIIATENbHBIE U TOJOXKUTENbHbIE ceKTopa. OCOOEHHOCTh paccMaTpUBaEMOrO
ClIydasi COCTOUT B TOM, YTO U3 MOJOXHUTEIbHBIX CEKTOPOB HE BCEI/Ia MOXHO IMOMACTh K 00eUM

HYJIAM.
t I_‘ tl _1
2=t ’ ts t—1
3 -1 P oty=+t ’—1
N E 2 1\ 3t — 1
® :
. |
s
! ®
?E 1 ty
© '3
@ :
! Puc.5.
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