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Cynyws  KblIbIHSAH —MAKAnaod  CUHSYIApObIK — OUCKPEMMUK — OAuKapyy  CUCMeMAaCbiHbIH
KbIMbLIOAPUIH  OONYUWMYPYY bIKMACLL  UWMenun uvieapuvlieaH. Kvlivinmolevinoa, — me3
KbIMBLIObIH JHCAll KbIUMBLIOAH (Jce mecKepucunye) OONYHYYCYH KAMCbI3 KbLIyY4y Wapmmapol
KOPCOMYN2OH JHCAHA CIZBIKMYY CIMAYUOHAPOLIK OUCKPEMMUK CUCEMAHbIH OMMO MAMPUYACHIH
MY3YYHYH Q1eopummu Keamupuiou. Muvinoan colpmkapvl OOIywmypyneoH cucmema yuyyH
ONMUMANObIK OAUWKAPYYHYH MAcenec Kapanobl.

AuKbly  €O300p: CUHSYTAPOLIK — Ccucmemd, OUCKPEemmuK OauKapyy Ccucmemacwl, ommeo
mampuya, Hcail KAMMslI2aH CUCeMd, me3 KAMMbLI2AH CUcmemda, Kuiune napamemp.

B oannoii cmamve paspaboman cnocobd pazdeneHus OBUNCEHUU  CUHSYISAPHO-
B03MYUIEHHOU OUCKDEmHOU YIpasnsieMol cucmemvl. B pezynbmame, ykazanvl yciogust
2apanmupyrouwue 0omoeIuUMocms ObICIMPbIX O0BUNCEHULL OM MeOleHHbIX Ul Haobopom u
npuseoeH aneopumm nOCMpoeHue nepexoOHol Mampuybl CMAYUOHAPHOU TUHEUHOU OUCKPEMHOT
cucmemvl. Kpome moco 0ns pasdenennoil cucmemvl paccMompeHda 3a0ayd ONmMuMaibHO2O
VApagnieHus.

Kniwouesvle cnosa: cuneyisipHO-603MywjeHHAs cucmemd, OUCKDEmMHAs YNPAasiseMdst
cucmema, nepexooHdas Mampuya, MeollleHHas noocucmema, Ovicmpas noocucmemd, Mauiblli
napamemp.

This article provides a method of separation of motions singularly perturbed discrete controlled
system. As a result, given the conditions of separability guaranteeing rapid movements from slow
or vice versa, and an algorithm for the construction of the transition matrix of stationary linear
discrete system. In addition to the split system we consider the problem of optimal control.
Keywords: singularly perturbed system, discrete control systems, transition matrix, slow
subsystem, the fast subsystem, a small parameter.

PaccMOTpHM cHCTEMY BHjIA
2t +1) — Ayx(t) + A;z(t) + B ul2), x(0) — xg, x(N) — xp, (1)
wuzt 1 1) = Asx(t) 1 Agz(0)  Boul(t), =2(0) = 2o, 2(N) = zy (2)
rne A (mxn), 42 (nxm), A3 (mxn), Ay (mxXm),
B, — (n xn), B, — (m X 1) — NOCTOSHHBIE MAaTPHIIBL,
x C ", 7z C R™ — BEeKTOPHI MEPEMEHHBIX COCTOSIHUS, 1. ( KT — BEKTOp yIpaBIlIeHUs,
== 0 — maneiit napamertp, t = 0,1, ..., N.
I[TpearnosoxuM, 9to cOOCTBEHHbIE 3HAUEHUS A; MATpULBI A4 YIOBIETBOPSIOT YCIOBHIO

[4;] < qq < 1. (3)
Bsenem 3aMeHBI:
1 =% — pNg @)

7 =74+ Hx, (5)



rae Matputibl H 1 N UMEIOT pa3MEpHOCTH 1L X 71, 7L X Tl COOTBETCTBEHHO.
Hpeo6pa3y;1 ypaBHeHI/IH (4) u (5) MOXHO MOJIYUUTDH CIECAYIOIINE COOTHOIICHHUS:
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Ucnonw3ys 3amensl (5) ¢ yueroM (4) u3 cucremsl (1) u (2) nmonydaem:

x(t +1) = Ay x(0) + A:2(t) + Byult), x(to) = %, x(N) = x,,(8)

uiE(t +1) = A,2(0) + Bou(o),  2(ty) =2, 2(N) = 2,
rne A, = A, +A,H, A,=A,— uHA,, B, =B, — uHB,, 9)
By — 29— Hxg, 8y — 2y — Hxy

IIpU yCIIOBUU

pllAy — pllA,1 — A5+ 4410 (10)
Tenepsb, ucnonb3ys cooTHoeHus (4) u (5) U3 cuctemsl (8) MOTyUUM:
¥+ 1) =4, %(0) + Byu(r), %(0) =%, ¥(N) = Ty, (11)

us(t+1) =4, 2(t) + Byu(t), 2(0) = 2,, 2(N) = &y
rne A, ,A,, B,, 2 onpenemstorca uz (9),
B, =By + NB,, Xy —xc+ uNZ,, Iy —xy—uNZy (12)
IIPH YCIIOBUHU
uAN—NA, — A,=0. (13)
VYpasuenus (10) u (13) sBisgrores anredpanyeckuMu ypaBHeHUsIMU Pukkatu u JlsmyHoBa
COOTBETCTBEHHO. Vcrosib3ys TeopeMy O HEABHOM (YHKIMHM, MOXXHO II0Ka3aTh, 4YTO 3TH
YpaBHEHHS HUMEIOT pEIIeHHs, KOTOpbIe MOTryT OBITh MpPEACTAaBICHBI B BHUJE PABHOMEPHO
CXOJISIIIMXCS CTENEHHBIX pﬁ,uOB [1 2]:
H(u) = _n Hpt, Nu) = E?:[] N.r;.»'ik- (14)
Marpwuiibt II; u Ny (i, k=0.1,.) OJIHO3HAYHO BBIYUCIAIOTCS TyTEM
NpUpaBHUBAHUS KOA(PPHUIIMEHTOB IPU OJIMHAKOBHIX cTemeHsax u B ypaBHeHusx (10) u (13). B
pe3yJabTaTe UMEEM:

H = _.A_L.A':;, H'I :A_LHH(_A-l +A:Hn), . (15)
H; = A71(H;14, ‘|‘E} ::.Hj u—1),
t=12 .., v=1i, i1 —1, —
Nﬂ — _.A:Azl » N‘I (_A Nﬂ +A HHN{] + N{]H{]AQ)A
-1 {1
.Ihlr:‘. = 14.11\?‘-‘._1 _A;: (Z Rﬂ Jv_‘. + l Z MH\ 1);4? A; I
=0 \i=0 .

k=12,.., s=1ii—-1 i—-2,...

Takum o6pazom, B pesynpTare umeem cuctemy (11) y koTopoii MeieHHbIe U ObICTpBIE
MIOJICUCTEMBI pa3fieJieHbl M OHU OOBEIUHSIOTCA Yepe3 YIpaBIomed QyHKIUN u(?), HO UMEIOT
pasnuyHble coOCTBeHHBbIe 3HaueHus. CBoilcTBa ympaBisieMocTH cucTteMbl (1) Te ke, 4To U y
cuctemsl (11).

Tenepp paccMOTpUM 3a1auy MI/IHI/IMI/I3aI_[I/II/I byHKIIMOHATA

] = TH () (16)
npu orpanndenusix (11).
[Ipenmnonoxum, 4To:
1. Marpuusl 4, u A, SBIAIOTCS MaTpULAMH TPOCTOM CTPYKTYpPHI [4] H HE UMEIOT

HYJIEBBIX COOCTBEHHBIX 3HaueHud A; (i = 1,1 ), v, (kK = 1,m ) COOTBETCTBEHHO.



2. Ina cobcrBennbix 3Hauennit A; (i =1,n ), v, (k= 1,m ) marpuusr 4; u A,
BBITIONTHSIIOTCS CIEYIOIINE OTPAaHHYCHUS:

Al =g, =1 i=1Ln), lvl=g:=1 (k=1m).

3.2y =uN -z, z, ER™.

ITo mepBOMY YCIIOBUIO MaTpULBl A; M A, HE HMEIOT HYJEBBIX COOCTBEHHBIX 3HAUEHUM

- =1 - o= —1
M HE BBIPOXKACHBL. Torza COOCTBCHHbBIC 3HA4YCHHS MATpHIbl (. 1,] , (311’ paBHBI
A7Y Azt L Agt u v, vil, ., vpl, a COOTBETCTIBYIOLINE MX COOCTBEHHBIC BEKTODBI

COBITQ/IAIOT C COOCTBEHHBIM BeKTOpaM 1ist Ay, Az, .., Ay M Vi, Vg, oo, Vi,

OyukumoHan (16) oneHUBaeT 3aTpauuBaeMyl0 SHEPTHUIO B MPOILECCe yIpaBieHus [5].
C y4eToM BbIIIEYKA3aHHOTO YCJIOBUS 3 perieHus cucteMsl (11) MoxHO 3anucath B BUJE

#(t) = A%+ Tig AT T Biu()) (17)
) = Ay pVrtz) — Zt_ﬂﬂ_{t_f}ﬁi_}-_lﬁz u(j) (18)
Hcnonb3ys KOHEUHBIE yCHOBI/m cuctemsl (11) Oynem umeTh
Z)oo A7 Biu() = auw, (19)
IV WEDATTT B ) = agy, (20)

rae Gy = il_ATri{] s apn =51_A2'25c.
PaBseHctBa BBIPAXKAIOT HCOGXOI[I/IMBIG n JOCTAaTOYHBIC YyCJIOBUA, KOTOPbIM JO0JI’KHa

ynosnetBopaATh pyHkiusa u(j) (=0, 1, ..., N-1), uto6sl cucrema (11) mepenura u3 3aJaHHOTO
Ha4yaJIbHOTO COCTOSIHUS B KOHEYHOE cocTosiHuE. Kpome Toro oHa J0/DKHA AOCTaBJISITh MUHUMYM
¢byukuuonany (16).

Opnako cucrema (11) cocrour u3 ABYyX MOJICHUCTEM M HUX JBUXKEHUS SBISIOTCS
Pa3HOTEMIIOBBIMU, B 3TOH CBSI3U PEIIUTh cCOBMecTHO ypaBHeHUs (19), (20) otHOCHTENBHO u())
HE SIBJIIETCS BO3MOXHBIM. /[ TOro 4ToOBI OBICTpasi MoAcHCTEMa Mepeluia W3 3aJaHHOTO
HAYaJbHOTO COCTOSIHUST B KOHEYHOE COCTOSIHHE BBIOpAaTh TaKoe YIIpaBJICHHE, KOTOPOE
amemsery ee ABmkenne npu 4 — 0. Kpome toro Qynkuus u(j) yIOBIETBOpSIONIEE
ypaBHeHue (20) BeIpakaeTcst uepe3 oOpaTHOM Matpunbl ['pama  [5] um Bo3HHMKaer emie
TpeOOoBaHME €€ CYILECTBOBAHUS NpH ji —> ().

[TosTOoMy Ui TOANPOCTPAHCTBA TEPEMEHHBIX COCTOSHHS X, Z BEIOHMpaeTCs

yhpaBlieHHE OTAENBbHO U Kaxnoe ypaBHeHnue (19), (20) pemaercs He3aBUCUMO JAPYT OT Apyra
OTHOCHUTENIbHO HEM3BECTHBIX MapaMeTPOB.
C yueToMm BbIlIECKa3aHHOMY OyeM I/ICKaTL yIpaBJICHUE B BU/JIE

u(f) = ,||F uj, X, %, = B/ (ﬂld . ana X € [¥g,%,] € R* 22)
1G22 = 1 B4 7 ¢, ana z€ (5 5] CR™
[Moncrasnsis (21) B (19), (20) nomyuum
Wy €y — ayw, (23)
W - C; = aap, (24)

rre Wy = EYFANITB B (AT, wy = XN AY BBy (AL)]
Tax xak marpuusl W), W, mnonoxurensHo omnpezneneHHsle [5] u ynpasieHue (22)
OTIPEZIENAETCS OAHO3HAYHO. B pesysnbrare umeem
u(j, %o, 1) = B (A1) 7wy, — AV,), (25)
u(j,z5,2:) = pVIB(AL)" T Wz, — AVE) (26)
Torna COOTBGTCTByIOH_II/Ie nepeMeHHHe COCTOSIHI/ISI 3aIMCBIBAIOTCS B BUJIE
¥(6) = Af%o 1 234 T BB (A ) 'Wl L, A¥%y) (27)



2(0) = At zp+ BTN, B (AT Wk, — AV (28)

[Ipennaraemslii MeTo1 00ECTIEUMBACT MOHMKEHUE PA3MEPHOCTH M3Y4aeMbIX MOJeENeH U
n30aBi€T OT BBIUUCIUTENBHOW JKECTKOCTH. AJITOPUTMBI MOCTPOEHHUS ONTHUMAIbHOTO
YIpaBJICHUS] JUCKPETHBIMU PA3HOTEMIIOBBIMU CHCTEMaMH O00ECHEeUMBACT YCTOHYMBOCTU
JBHKCHHSI CUCTEMbI M IIOJIOKUTEIBHOM OIpPEICIICHHOCTH MaTpulbl I'pamMa mpu HaxoKAECHUU
ONTUMAJILHOTO YIPABIEHHS I OBICTPO MOJCUCTEMBI.
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